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m Abstract We review the effective field theories (EFTs) developed for few-nucleon
systems. These EFTs are controlled expansions in momenta, where certain (leading-
order) interactions are summed to all orders. At low energies, an EFT with only contact
interactions allows a detailed analysis of renormalization in a nonperturbative context
and uncovers novel asymptotic behavior. Manifestly model-independent calculations
can be carried out to high orders, leading to high precision. At higher energies, an EFT
that includes pion fields justifies and extends the traditional framework of phenomeno-
logical potentials. The correct treatment of QCD symmetries ensures a connection with
lattice QCD. Several tests and prospects of these EFTs are discussed.
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1. INTRODUCTION

1.1. Why Effective Theories?

Nuclear systems have often been described as pathologically complicated. The
forces between the constituent nucleons are strong and noncentral, and the rela-
tively small binding found in nuclei results from detailed cancellations between
much larger contributions. Given our incomplete knowledge of the basic inter-
action among nucleons, especially at short distances, and the problems involved
in the numerical solution of the Sdatdinger equation for systems with many
fermions, one can understand why nuclear structure remains an unsolved prob-
lem after decades of intense effort. This seems even more frustrating when one
remembers that all nuclear processes are encoded in the QCD Lagrangian and that
parameter-free predictions could, in principle, be obtained.

Despite all the difficulties, enormous progress has been made throughout the
years by the use of models that capture different aspects of nuclear phenomena.
One dissatisfying aspect of these models, however, is their ad hoc nature and the
presence of uncontrolled approximations. These models are not derived from any
basic principle (and certainly not from QCD) and contain information that comes
from decades of trial and error hidden behind apparently arbitrary choices of some
contributions over others. Each new improvement involves the same process of
educated guesses, and one is never sure what a reasonable error estimate would
be. Effective field theories (EFTs) are useful because they provide a systematic
expansion in a small parameter that organizes and extends previous phenomeno-
logical knowledge about nuclear processes, and they provide a rigorous connec-
tion to QCD. They also help with more technical but important issues that have
plagued nuclear physics in the past, including gauge invariance, “off-shell” ef-
fects, and relativistic corrections, by borrowing heavily from the arsenal of field
theory.

1.2. What is an Effective Theory?

Most of the uncertainty in nuclear processes comes from the short-distance in-
teractions £1 fm) between two or more nucleons (and photons, leptons). Even
when one is interested only in low-energy phenomena, the short-distance con-
tributions can be important. In perturbation theory, for instance, the influence of
short-distance physics on low-energy observables is manifested by ultraviolet-
divergent integrals, that is, by the dominance of high-momentum modes over
low-momentum ones.
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Sensitivity of large-distance observables to short-distance physics is not un-
usual; itis, in fact, pervasive in many fields of physics. One way of dealing with it
isto model the short-distance physics and solve the problem by using a microscopic
approach. In the case of nuclear systems, this would lead either to a calculation
of nuclear processes directly from QCD (which is currently impossible and would
be, even if possible, highly inefficient), or by recourse to meson-exchange or quark
or skyrmion models. Another approach is the use of effective theoriéBdfpre
introducing the particular case used in nuclear physics, let us consider effective
theories in general.

Suppose we want to study the low-energy behavior of a system described by
some theory that we will call the “fundamental” theory. In the path-integral formal-
ism, we can imagine integrating over the high-momentum mkdes\, where the
scaleA is chosen to be much larger than the momentum scale we want to study.
The result of this partial integration over the high-momentum modes will be a
complicated Lagrangian containing an infinite number of terms. This Lagrangian,
called the effective Lagrangian, will generally be nonlocal, but this nonlocality,
arising from the momentla > A, will be restricted to a spatial scafgl/A. One
can thus expand those interaction terms in a Taylor series in powefréofvhere
d stands for a derivative of the fields. The coefficients of this expansion do not de-
pend on the soft momenta carried by the fields of the effective theory and describe
the hard physics within the scalg A. They are, however, functions d@f (the
coupling constants “run”). The sok & A) and hardk > A) physics is factorized
in the effective Lagrangian. These effective-Lagrangian coefficients are usually
called low-energy constants (LECSs), since they encode all we need to know about
the fundamental theory in order to compute low-energy observables. Notice that,
up to this point, no approximation was made and the effective Lagrangian contains
exactly the same information as the fundamental one. Calculations of observables
done using the effective Lagrangian will contain two sourced afependence.

One is the implicit dependence contained in LECs; the other appears in the cutoff
that should be used in those computations. These two sourdesiependence,
by construction, cancel each other.

What is the advantage in separating the integration over momentum modes
in two steps? The answer to this question depends on the situation at hand. In
problems where the integration over the high-momentum modes can be explicitly
accomplished, the effective Lagrangian is a bookkeeping device that allows us to
perform approximations in a very efficient way. Examples include nonrelativistic
QED (2), heavy-quark effective theory (3), and high-density QCD chiral pertur-
bation theory (4). In other cases, such as the nuclear systems considered here,
we will not be able to explicitly integrate the high-momentum modes. We can,

The term “effective theories” has other meanings besides the one articulated in this review.
“Effective Lagrangian” sometimes means the Lagrangian that includes all quantum correc-
tions. Other times “effective theory” refers to any model useful at low energies, whether or
not there is a separation of scales and a rigorous expansion in powers of the momentum.
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however, determine the effective Lagrangian by a combination of self-consistency
requirements and experimental data.

We start by considering the most general Lagrangian that is consistent with the
symmetries of the underlying theory. This Lagrangian contains an infinite number
of arbitrary constants. For a fixed different values of the LECs describe different
underlying theories. Just one set of these values will make our low-energy theory
reproduce the same observables as the fundamental theory. We then resort to an
approximation scheme: We expand the low-energy observables in powers of the
small paramete@/A « 1, whereQ is a low-energy scale such as the momenta
of the external particles or light masses. Now the factorization between high- and
low-momentum contributions comes in handy. Instead of using the full effective
Lagrangian, with its infinite number of terms, we can argue that, at a given order
in the Q/A expansion, only a finite number of terms will contribute, since the
remaining terms will include many powers 8fA ~ Q/A. We are left with a
much simpler Lagrangian, with a finite (ideally, small) number of coefficients that
can be determined from some experimental data (or from the fundamental theory,
if possible, or models) and used to predict others. Increasing the or@gmirof
a calculation will increase its precision but may also bring other LECs that will
have to be determined by experiment.

The argument that connects the order of the expansion in pow€s/ofand
the terms in the effective Lagrangian that need to be included at that order (called
“power counting”) varies case by case but always includes two steps. The first
step is to estimate the size of diagrams, given the size of the LECs appearing
on the vertices, and it is simply done by dimensional-analysis arguments. The
second step is to estimate the size of the LECs themselves. We first determine their
running, that is, their dependence an by requiring physical observables to be
A-independent (at the order@y A of our approximation). The information about
the evolution of the LECs is not by itself enough to determine them, since we do
not know their initial conditions. Although for some particular value/ofone
LEC might be passing through zero, this is very unlikely. We assume that a typical
size for a LECC(A) is C(A) ~ C(2A) — C(A), that is, the LECs should have the
same order of magnitude as the size of their running. In perturbative settings, this
principle amounts to little more than dimensional analysis and is known as naive
dimensional analysis (5). Strictly, this provides only a reasonable lower bound,
so one should be aware of possible violations of this principle. This estimate, of
course, is used only in arguing that some terms in the effective Lagrangian will
have a negligible effect and can be dropped. The values of the LECs actually kept
in the calculation are determined by experimental data. Notice that, for a given
set of symmetries and low-energy degrees of freedom, there is no guarantee that
the effective Lagrangian can be truncated at any ord€)/in, that is, there is no
guarantee that a consistent power counting can be found.

The version of the EFT method sketched above is sometimes called the Wil-
sonian effective theory. Another version of the same idea is the “continuum”
effective theory (3). The continuum effective theory reproduces the same vertices
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and propagators as the full theory at low energy. The two theories differ in the

ultraviolet region, but this difference can always be absorbed in the values of the
LECs. The continuum effective theory’s technical advantage over the Wilsonian

approach resides in being able to integrate over all momenta (used in conjunction
with dimensional regularization), and not only oket A. This makes it simpler

to maintain gauge, chiral, and spacetime symmetries, and to avoid power-law
divergences that sometimes complicate power counting.

1.3. How?

EFTs can be used in a few different ways in nuclear physics. Historically, the
first one was to set the separation scalaround thepo-meson mass and keep

as low-energy degrees of freedom the pions and the nu@éand maybe the

A isobars), as well as photons and leptons (6—11). This approach builds on the
success of chiral perturbation theoryRT) in the mesonic and one-baryon sec-
tors. Like nuclear potential models, it describes nonrelativistic nucleons interact-
ing through a potential, but it also brings ingredients of its own, such as a small
expansion parameter, consistency with the chiral symmetry of QCD, and system-
atic and rigorous ways of including relativistic corrections and meson-exchange
currents.

Another application of EFT ideas in nuclear physics is made possible by the
existence of shallow bound states, thatis, binding energies far below any reasonable
QCD scale (12-15). We can then getaround the pion mass and keep as low-
energy degrees of freedom only the nucleons (and photons and leptons). At least in
the case of two- and three-body systems, the bound states will be within the range
of validity of this simpler theory. This “pionless” effective theory can be considered
as a formalization and extension of the old effective-range theory (ERT) (16) and
the work on “model-independent results” in three-body physics (17). The new
features, besides the existence of a small parameter on which to expand, appear
in a number of new short-distance contributions describing exchange currents and
three-body forces, as well as in relativistic corrections, that are transparent in this
approach. An extra bonus is the possibility of deriving analytic, high-precision
expressions for many observables that previously required nontrivial numerical
work.

In Sections 2 and 3, we review these two approaches in few-nucleon systems,
emphasizing qualitative aspects of recent developments. In Section 4, we present
an outlook, including other approaches that are being developed for larger nuclei.
Other reviews have already covered applications of EFT ideas to nuclear physics,
with different emphasis from the present one (18). Many developments of the past
couple of years are described in Reference (19).

2Since energies are measured from the ground state with a given baryon number, slow
nucleons, despite carrying large rest-mass energy, should be considered low-energy degrees
of freedom.
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2. EFFECTIVE FIELD THEORY
WITHOUT EXPLICIT PIONS

2.1. The Two-Nucleon System and the Nontrivial Fixed Point

2.1.1. TWO-NUCLEON SCATTERING Let us now apply the ideas outlined in the pre-
vious section to the specific case of two nucleons with momehtosiow the pion
scalek < m, (see Reference (15) for more details). We start by writing the most
general Lagrangian that involves only two nucleons (electroweak external currents
will be included later). A system with two nucleons with zero angular momentum
(L=0) can exist in a spin singlet%y) or spin triplet £S;) state so there are two
independent interactions with no derivatives,

72
L= NT(iBO—i—v——i-...)N — Cor(NTRN)"(NTRN)

2M
— Cos(NTPN) (NTRN) + .., 1.
where
Pti = 78020ifz,
1
PSA = 78T2TA02 2.

are the projectors in the triplet and singlet spin-isospin statea¢t on spin space,
7S on isospin space) is the nucleon mass, amdlis the nucleon field. The dots
in Equation 1 stand for terms with more derivatives that, as we argue below, will
be subdominant.

The nucleon-nucleor\(N) scattering amplitude can be written in terms of the
phase shif6 as

4 1
T=———_
M k cots — ik
A 1
=M IimRr K >
_a_|_7 4=

It can be shown that, for potentials of rang&® (R ~ 1/m, in our case)k cots
is an analytic function around=0 and has a cut starting & ~ 1/R? so
it is well approximated by a power series as shown in the last line of Equa-
tion 3. The parameteds (ros) is called the singlet scattering length (singlet ef-
fective range). For notational simplicity, we focus for now on the spin singlet
channel.

Figure 1 shows the graphs that contributeé\i scattering generated by the
Lagrangian in Equation 1. THeloop graph factorizes into a power,
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> O OO
Figure 1 Graphs contributing to the leading-ordé scattering amplitude.

L-loop graph~ (cA —ik)\, 4.

each one containing a linearly divergent piece and the unitariii ¢utthe center-
of-mass system with total energsg/M). The loop integral is linearly divergent
and the coefficient is dependent on the particular form of the regulator used, that
is, the particular form by which the high-momentum modes are separated from the
low-momentum ones. Using a sharp momentum cutoff, for instance, wechave
2/m, using dimensional regularization,= 0. The sum of all graphs in Figure 1

is a geometrical sum that gives

_47T 1

T =M e«
M —MCOS+CA—|k

We see then that terms shown explicitly in Equation 1 reproduce the first term of
the effective range expansion. The addition of terms with more derivatives will
reproduce further terms in the effective range expansion.

We can learn some important lessons from this simple calculation. Let us con-
sider two separate situations.

= Natural case: For a generic potential with rand® the effective-range pa-
rameters typically have similar size~ ro ~ R. Using dimensional regular-
ization,Cy can be chosen to gy = 4wa/M (this choice is called minimal
subtraction). The effective theory is valid fer< 1/R and, in this rangeT
can be expanded as

2
T:4—”[—a+ika2+(ﬂ+a3)k2+...]. 6.
M 2
BecauseCy ~ a, there is a one-to-one correspondence between the order in
the ka expansion, the number @fys vertices, and the number of loops in a
graph. The leading order (LO) is given by one tree-level diagram, the next-to-
leading order (NLO) by the one-loop diagram, and next-to-next-to-leading
order (NPLO) by the two-loop diagram involvin@, and one tree-level dia-
gram with a two-derivative vertex (not shown in Equation 1), and higher or-
ders are treated similarly. We have then a perturbative expansion, even though
the microscopic potential can be arbitrarily strong. If one uses a cutoff regu-
lator, the situation is slightly more complicated. Choosing- 1/R ~ 1/a,
we note that the most divergent piece of the multi-loop graphs is as large
as the tree-level graph and must be resummed to all orders, whereas the
energy-dependent part containing powersk@ is suppressed. The pieces
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that need to be resummed at LO merely renormalize the cor3arte one-
to-one correspondence between the order ikkétexpansion and the number

of loops is lost in any renormalization/regularization scheme except the di-
mensional regularization with minimal subtraction. The technical advantages
arising from the use of dimensional regularization and renormalization the-
ory in this perturbative setting were used in the study of dilute gases with
short-range interactions (20).

= Unnatural case:In the nuclear case, the scattering lengths of theSwave
channels are much larger than the range of the potentiallfh@eutron-
proton) scattering lengthy is as = —23.714 fm and the scattering length of
the triplet (deuteron) chann&$, is a; = 5.42 fm, corresponding to momen-
tum scales of lag = 8.3 and Ya; = 36 MeV, respectively. Those scales
are much smaller than the pion mass, >~ 140 MeV, defining the range
of the nuclear potentidl Actually, as we will see below, the potential due
to pion exchange is too weak to describe the low-energy phase shifts, and
the physics corresponding to the large scattering lengths occurs at the QCD
scaleMgcp ~ 1 GeV, which makes the discrepancy between nuclear and
QCD scales even more startling. The origin of the fine-tuned cancellations
that lead to the disparity between the underlying scale an&thave scat-
tering lengths (and deuteron binding energy) is presently unknown. It does
not appear in any known limit of QCD, such as the chiral limit;(— 0) or
large number of colorsN. — o00). We simply assume that this cancellation
happens, track the dependence of observables on the new soft saale 1
and perform our low-energy expansion in power&Rf« 1 while keeping
the full dependence okias; ~ 1. The singlefNN scattering amplitude, for
instance, will be expanded as

4 k2a2r 1
Gy TR 1 N S
M \ 1+ ikas 2 (1+ikag)?

It is challenging to reproduce an expansion of this form in the EFT. If one
uses a momentum cutoff, for instance, the chosen corSgamtust beCos =

(4 /M)(1/as + cA)~L. The one-loop graph is then suppressed compared to
the tree-level one by a factor of~ MkCos~k/A, and one would naively
imagine that the LO contribution is given solely by the tree-level graph. But
there are cancellations among the graphs in Figure 1, and all these graphs
must be taken into account to reproduce the expansidrabbve (13, 14).
IntheNNscattering case considered here, itis not difficult to see which graphs
must be included at each order, but in more complex situations this can be ex-
tremely tricky. A more convenient way to proceed is to use a renormalization
prescription that shifts contributions from high-momentum modes to the

7.

SAlkali atoms used in cold atomic traps frequently have scattering lengths much larger than
their sizes. They can be made even larger by the use of a carefully tuned external magnetic
field (Feshbach resonances). All the ideas and formalisms developed to deal with this fact
in the nuclear domain have been used to study the physics of atomic traps (21, 22).
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LECsin such away as to eliminate “accidental” cancellations between differ-
ent diagrams. One can determine which diagrams contribute at each order on
a diagram-by-diagram basis (manifest power counting). One way to do that
is to use dimensional regularization with a “power divergence subtraction”
(23)# In this scheme, we add to and subtract from the denominator of the
bubble sum in Equation 5 an amouvifw /47, whereu is an arbitrary scale,
and absorb the subtracted term in a redefinition of the conStat), which
now is a function ofx. We have for the LO amplitude

4 1

T - 8.
4 .
M Ficnn T 1K+ 1

The constan€Cys(t) is now chosen to be

Coslh) = 71—
ax M
in order to reproduce the LO piece of the expansion in Equation 7. The explicit
dependence gmcancels againstthe implicitdependence contain€gd).
The point of this rearrangement is thapifis chosen so that ~ 1/as, then
Cos(it) ~ 4m/Mpu and the contribution of all diagrams in the bubble sum
are of the same order, justifying the need to resum them. Let us see how this
works in some detail. If we denote the soft scalga 1, andk collectively by
Q, the tree-level diagram is of the ord&ss ~ 47 /MQ. The one-loop graph
contains two powers dEgs, two nucleon propagators (each one counting as
1/(k?/M) ~ M/Q?), and a loop integral with three powers of momentum
(~Q3), one of energy{Q?/M), and the usual factor of/#iz from the loop
integration, for a total of (#/MQ)?(M/Q?)?Q%/4nr M ~ 47 /MQ. Thus, the
one-loop diagram is the same size as the tree-level graph. The same occurs
for the remaining diagrams, and they all have to be resummed. Itis interesting
to note that this reshuffling of contributions between the divergent loop and
the LECs amounts to subtracting the polggl — 2) that would exist in
D = 2 space dimensions. One can easily go to higher orders and include terms
with derivatives in the Lagrangian. A simple calculation (again, subtracting
the pole that occurs & = 2) leads to expressions for all the LECs in terms
of the effective-range parameters (and of the arbitrary gcalEor instance,
if Con denotes the coefficient of operators witlhderivatives,

2
47T I 1
CZSZ _<l )5 10
M2 \1-u
3 2
47 | r2 1 r3 1
Cas=— | > s , 11.
" 4<i—u>+2<é—u>

4Other schemes also solve this problem (24).
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where the “shape parametans is the coefficient of the third term of the
effective-range expansion.

Thepg-function that describes the evolution of the dimensionless cou@ing

—MuCos/4m is

a . a A
M%COS(M) = Cos(1) [1 — Cos(1)] - 12.

Note the existence of two fixed points (23, 25), the trivial (perturbative) one at
€os =0 and a nontrivial one &hs = 1. Foru <« 1/|ag|, as appropriate to the natu-

ral case discussed abowg; is close to the trivial fixed point. Diagrams involving
more Cys Vertices are suppressed by powerg€gf« 1 and the system is pertur-
bative. The valu€ys ~ nas corresponds to the naive-dimensional-analysis value
and the effects of th€ys operator become smaller at lower energies (the operator
is irrelevant). On the other hand, for valuesiof~ 1/|as| or larger, adequate to
the fine-tuned case discussed here, the flow is close to the nontrivial fixed point.
Sincedys ~ 1, the addition of moré&yg vertices is not suppressed and all graphs
containing only this vertex should be resummed. The dimensionless coégling
goes from the naive-dimensional-analysis vale- nas to &gs ~ 1, and its effects
do not go away in the infrared (marginal operator).

Because théS; scattering length is also unnaturally large (and consequently
the deuteron binding is unnaturally shallow), the same power counting used in the
singlet channel applies also to the triplet chanh@l.scattering in this channel is
more complicated because nuclear forces, being noncentral, mix it witDthe
channel. New operators, starting with two derivatives, describe this mixing. Their
coefficients are determined from an expansion of the mixing angle analogous to
Equation 7. Also, the LECs are usually determined by matching to an effective-
range expansion centered on the deuteron pole, rather thkn=or® as in the
singlet channel. ThéS; NN amplitude is parameterized as

47 1

T=— ,
M _y+M+..._ik

13.

wherey?/M is the deuteron binding energy apdhe effective-range parameter.
Explicit expressions for the leading terms in the Lagrangian and numerical values
for the LECs can be found in Reference (15).

The inclusion of external currents (photons, neutrinos, etc.) is straightforward.
All terms involving nucleons and the new fields or currents should be included,
as long as they satisfy the symmetries of the underlying theory. In the case of
photons, some of these terms are simply required by gauge invariance and are
determined by minimally coupling the photon to the nucleon Lagrangian. Their
coefficients are thus fixed YN scattering data and gauge invariance. There are
also terms that are gauge-invariant by themselves but whose coefficients are not
determined byNN scattering data alone. They represent the physics of exchange
currents, quark effects, etc., and must be determined through some extra piece of
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experimental data. To perform the low-energy expansion, though, it is necessary
to have an a priori estimate of the size of these added terms. This estimate is
obtained by using the fact that observables should be independent of the cutoff
(or n if one is using dimensional regularization), at least up to the order one is
computing. _

Consider some two-nucleoNR) operator of the fornX = CX NTNTTy 92NN,
wherel'x is some tensor in spin-isospin space. Its matrix elementrstates
is given by the diagrams involving the operaXtsandwiched” between twhiN
scattering amplitudes and by one-loop one-body diagrams that do not irkolve
Typically, the one-body diagram is not divergent and does not introduce.any
dependenceso the remaining graphs must pendependent by themselves. We
have to make a distinction now between the cases where the op€ratonects
two Swave states, two noiswave states, or onS-wave and one norswave
state. In the first case, renormalization-group invariance dfitienatrix element
of Ximplies

3 T \?
13050 () =0 14
a2\ Co(w)
whereT is the LONN scattering matrix, which ig-independent. It then follows
that CX () scales as~(u — 1/a)~2. Similarly, for the case wherX connects
oneSwave or noS-wave statesC () scales as-(u — 1/a)~t or ~(u — 1/a)°,
respectively. Using dimensional analysis to fix the powera pfve then have

1 1

Co(u) ~ : 15.
ZH(M) M(l/a— M)a A2+l

wherex is the number o5wave states the operatircan connect (either 0, 1
or 2).
In a nutshell, the power counting rules valid for thl system are (13-15, 23):

fermion line— M/Q?
Q5
4 M
5 - Q
dbo — Q*/M
47
MAnQn+l
4

X
Czn - M A2+1-a Qa ’ 16.

loop —

C2n —

50ne exception is thEN, no-external-currer®, operator, whose renormalization is driven
by C,. This explains the apparent discrepancy between Equation 10 and Equation 15.
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Figure 2 3S; NN phase shift (in degrees) as function of the center-of-mass momen-
tum. The LO result is the dashed line, théLI® is the dotted line, and NLO is the

solid curve. The dot-dashed line is the Nijmegen phase-shift analysis. (From Reference
(15), courtesy of M. Savage.)

whereC, is the coefficient of thé&IN interaction with2n derivatives C, is the
coefficient of aNN operator with external curreit and2n derivatives, and\ is
the high-energy scalé ~ m,.

Using this rule, we can determine the contributionddscattering at any given
order. At LO, for instance, we have the series of diagrams shown in Figure 1,
with all the vertices containing no derivative. That is the only nonperturbative
resummation necessary. At NLO, we have the insertion of@neperator in a
chain of Cy operators. At RLO, we have two insertions of, and one inser-
tion of C,4, and so on. As an example, Figure 2 shows the resuftBigphase
shift and compares it to the Nijmegen phase-shift analysis (26). Analytic expres-
sions for the phase shifts (see Reference 15) suggest convergence for momenta
k <100 MeV, which is reasonable for an EFT without explicit pions. Electromag-
netic effects in proton-proton scattering were considered in the EFT approach in
Reference (27).

Up to this point, we have considered o scattering, where the predictive
power of the pionless EFT is very small. We were able, however, to determine
many LECs using scattering data and understand the effects of the fine-tuning
on the Swave channels. We now apply the formalism developed above to the
computation of form factors and processes that involve external currents. We omit
the diagrams that need be computed and the explicit analytic expressions that are
always available in thBIN sector. They can be found in the literature cited.

2.1.2. ELECTROMAGNETIC FORM FACTORS OF THE DEUTERON The matrix element
of the electromagnetic current on the deuteron has the nonrelativistic parameteri-
zation
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(P38, p. ) = e[Fc(qZ)éu 21\1/|2FQ(q )(qlq, 1q28”>i| (EZJ,\FAdE )
(9] ol 1) = | P63y (p+ POF + () (35— 8
2,\1/|2Fo(q2) (q.q, —3d 8”) (p+p) ] 17.

where|p, €') is the deuteron state with momentymand polarizatiore', My is
the deuteron mass, = p’ — p, and the form factors are normalized such that
Fc(0) = 1 (deuteron chargeghu(0)/2My = up (deuteron magnetic moment),
andFq(0)/M3 = uq (deuteron quadrupole moment).

AtLO and NLO, the computation dfc (g?) involves only the constan@y and
Cx and is identical to the ERT calculation. AEND, a one-body term describing
the nucleon mean-square charge radiu$)() appears, which is the first devia-
tion from ERT (15). Formally, there are also relativistic corrections, but they are
suppressed by powers @f/M as opposed t@Q/m, and are numerically small.
Still, they can be readily computed in EFT. Defining the deuteron mean-square
charge radius byr2)4 = 6(dFc/dd?), one finds

1 1 1

4 — 45651, 18.
+ 1—yp 8y2 + 32M?2

(r2a =’
to be compared with the experimental vatué)y = 4.538 fn?.
The magnetic form factoFy (g?) at LO and NLO is simply the electric form
factorFc(g?) multiplied by the isoscalar nucleon magnetic momeRt«p, except
for a new two-body term that appears at NLO without an ERT analog,

L = —eLi e (NPN)'(NP; N)By + h.c. 19.

The coefficientL, can be determined through the experimental value of the
deuteron magnetic moment and, using this value, one can predict the momen-
tum dependence dfy (q?).

The Fo(g?) form factor involves a transition between t8eandD-wave com-
ponents of the deuteron. At LO, its value is determined bg-aa D-wave transi-
tion operator whose coefficient is extracted from the asympfo}ig ratio of the
deuteronyp,s. At NLO, there is a new two-body term

T
L = —eCq(NP,N)T(NP;N) (v'vJ - éva'l> A°, 20.

whose coefficien€q can be fitted to the experimental deuteron quadrupole mo-
ment. At N°LO, the only contribution comes from the finite size of the nucleon
charge distributionr?)y. The value ofFq(0) is then a fit, but the momentum
dependence is an EFT prediction. The presence of a counterterm not determined
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by NN scattering at NLO indicates that is sensitive at the-10% level to short-
distance physics not determined B scattering. That is probably the reason
different potential-model calculations underpredigt by ~5%.

Other electromagnetic processes can be studied in similar fashion; the next
section shows another example. Compton scattering and deuteron polarizabilities
are discussed in References (28, 29).

2.1.3. RADIATIVE CAPTURE OF NEUTRONS BY PROTONS Then+ p — d + y reac-
tion at low energies is a key ingredient in Big Bang nucleosynthesis calculations.
The amplitude for this process can be expanded in multipoles as

A = ielevéijke*i kjgknP3p + e)ﬁgl\/n‘rz‘[gaza' . E*pp 8*i

EXVIS ok =% =k T s
+ nP[k'e* . g* —e* . ke*
NG [ Ip
e S e o .
+ fgsnp[k'g*@*—}—e*-ks*'—%6*'k~8*]p+..., 21.

wheren andp are the neutron and proton Pauli spindess the photon momen-

tum, ande (¢) is the polarization of the deuteron (photon). At low energies, the
form factor X1y dominates the cross section by a few orders of magnitude. Its
computation at LO is the same as the ERT one and underpredicts the experimental
value for thermal neutron capture by 10%. This discrepancy was long ago at-
tributed to a pion-exchange current contribution (30). In EFT (15), the same effect
is encapsulated in tHeN current

£ = eLuv(NPN)T(NPAN)§ a3B' + h.c., 22.

whose coefficienky;y can be determined by the cold-capture cross section. The
momentum dependence is then predicted. However, for photon energies larger than
a few MeV, theXg;y form factor dominates the cross section. Up th.®, the
computation ofXg;y involves onlyCqy, Cy, the P-wave interaction combination

Dp encountered in the polarizability calculation, dnghy fitted at threshold. At
N4LO, some relativistic effects and a new term appear (31):

L = eLer(NPN)T[N(Vi Pia — V; Pia)N]8asE!, 23.

where Pia = 0,0 7,7a/~/8, Which is fitted using data for the inverse reaction
d+y — n+ p. Figure 3 shows the resulting cross section for the photodissociation
of the deuteron and compares it to data (32). The estimated e@gQgm, )° ~
1%. These precise, analytical computations are particularly useful for Big Bang
nucleosynthesis codes.

Chen et al. analyzed a set of polarization observables inthep — y +d
reaction (33).

2.1.4. NEUTRINO-DEUTERON SCATTERING AND PROTON-PROTON FUSION A com-
plete set of reactions involving (anti-) neutrino breakup of the deuteron was com-
puted in the pionless EFT approach (34). Kong & Ravndal analyzed fusion and the
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Figure 3 Cross section foy +d — n+ p as a function of the
photon energy at fLO, compared to data. (From Reference (31),
courtesy of G. Rupak.)

interplay of Coulomb interactions (35). These reactions are essential for the un-
derstanding of solar neutrino physics, since they are relevant for both production
(p+ p — d+ et + ve) and detection in heavy-water detectors (through the
neutral-current +d — v +n + p and the charged-currenttd — et +n+n
reactions).

The weak interactions are described by the familiar neutral and charged-current

pieces
L=_%(lzﬂag+|waﬁ+nc.), 24,

with the leptonic currently, = v(1 — ys)y,v, I+, = v(1 — ys)y,€ and hadronic
currents)” = V¥ — A" andJs = —25sirf o V' + (1 — 2 sirf 6w)V5 — Ay — A5
The isosinglet vector (axial) currel)’ (Ay) and isotriplet vector (axial) current
V, (A}), written in terms of the nucleon fields, have contributions in the form
of one- and two-nucleon operators. The one-nucleon operators are determined by
the axial coupling constagta, = 1.26, the neutron and proton magnetic moments
kn andkyp, the strange contribution to the proton sp&y*yss), and the strange
magnetic moment of the protqr;. The two-nucleon currents contributing up to
N2LO are

Al = Lia(NPN)T(NPaN),

Apy = —2i Loaeij (NPN)T(NPN) + h.c.,

Vi = 2i Lieijn (NPIN) (VX + VK)(NP:N),

Vi = 2i Lo(NPIN)T(V; + V))(NPN). 25.
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L; = Lwmiv was determined through the neutron-proton cold-capture cross sec-
tion, andL, was determined by the value of the deuteron magnetic moment. The
parameters 4, (Sy*ysS), andus, which are not well determined experimentally,
have a negligible impact on the cross sectied%) due to the near orthogonality
between initial and final states in the triplet channel. The only relevant unknown in
aN?LO calculation is then the value bf, . Using the estimate in Equation 15, we
find L1a ~ 47/Mu? ~ 5 fm3. Two potential-model results, one with and another
without exchange-current terms, differing by about 5%, can be reproduced by vary-
ing the value ot 1 5 within this range. This shows that the difference between these
calculations comes from different assumptions about the short-distance physics.
To fix this indeterminacy and, consequently, obtain predictions fowthesac-

tions at the percent level, one must determine the valuie;gfexperimentally.

One possibility is to measure one of these reactions at one energy. The other is to
extractL ;5 through another process sensitive to this term, such as triidecay

or muon capture on the deuteron. The challenges involved in this extraction from
the well-measured value of the tritium lifetime are discussed below.

2.2. The Three-Body System and the Limit Cycle

Compared with the study of tHéN sector, the study off8 systems using EFT is

still in its infancy. Only now are calculations appearing for the tritele channel

that are accurate enough to enable precision calculations of processes involving
external currents. Those processes may turn outto be a very important way of fixing
the value of two-body LECs, which are hard to measure in the deuteron. The new
ingredients in going from two- to three-body systems are three-body interactions.
In the absence of fine-tuning, their typical size is determined by dimensional
analysis. Since they subsume physics contained within the raiige-11/m,, a
three-body force with 2 derivatives would have the typical size

(4r)?

L3~ Dand®(NTN)® > Dy ~ MA&"

26.
Asinthe two-body force, the fine-tuning in the two-bdglwave channels intro-
duces a new scale ~ 1/ag that invalidates the estimate in Equation 26. We resort
to the same argument used above to estimate the size of these contributions. We
demand that observables be cutoff-independent order by order in the low-energy
expansion, which determines the running of the three-body forces if we assume that
their typical size is set by the size of their runnii@p,(A) ~ D2n(2A) — Dan(A).
As mentioned above, it is unlikely th&t,(A) is much smaller than this estimate
for a particular value of the regulatar, or that it contains a larga-independent
piece. If the inclusion of a particular LEC is necessary in order to have cutoff-
independent results (at a particular order in the expansion), this LEC needs to be
large enough to appear at that same order of the expansion.
The behavior of the doubl&wave channel (where the triton afHe are)
is very different from that of the other channels. The physical reason is that
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this is the only channel where all three nucleons can occupy the same point in
space (two spin and two isospin states allow for a maximum of four nucleons
in the same state). A system of three bosons also displays this property and is
gualitatively similar to three nucleons in the dout8etave channel. In the remain-
ing channels, either the angular-momentum barrier or the Pauli exclusion principle
forbids the three nucleons to touch. One would then expect that the dSukitate
channel (and systems of three bosons) are much more sensitive to short-distance
physicsthan the other channels, an expectation that is confirmed by further analysis.

To avoid unnecessary complications, we present explicit expressions only for
the case of th&wave three-boson system. The formulae for the nucleon cases in
the different channels can be deduced in an analogous way (see e.g., References
36-38). A convenient first step is to rewrite the action in terms of an auxiliary
“dimeron” fieldd (39),

2

v
Lbosons = NT(| do+ 5o+ ..)N — Co(NN)'NN — Do(NNN'NNN+ . ..

. V2
— NT<I80+W+...)N+Ade

+ y(d"NN+ dN'N") + gd'dN'N + . . ., 27.

whereCy = y?/A andDg = —gy?/A2. The equivalence between the two La-
grangians above can be shown by simply performing the Gaussian integral over
the auxiliary fieldd. Becausel has the quantum numbers of a two-particle bound
state, it can be used as an interpolating field for the bound state. The normalization
of the fieldd (and the value of\) is arbitrary and all the observables should be a
function only of the combinationg?/ A andgy?/ A2, not ofy, g, andA separately.

The propagatoA(p) for the dimeron field of momentum is given by the
sum of bubble graphs at the top of Figure 4. The power counting that leads to

—=|:|+|:<):+:<>:C>:l+...
(a)

E = Z+E+...+T+...
(b)

Figure 4 LO graphs contributing toa) the dressed propagator of the
dimeron andlf) the particle/dimeron amplitude.
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the necessity of summing all these graphs when the scattering length is large is
identical to the one discussed in connection Wittiscattering. Taking the arbitrary
constantA to scale as\ ~ 1, we havey? ~ Cy ~ 47 /MQ, and thusA(p) scales
asA(p) ~ (47/My?)(1/Q) ~ 1. Summing all graphs, we can write

1
A(p) = : 28.
—y +/¥ —ME

Let us now consider the graphs that describe the scattering of one particle off
the bound state of two others, shown at the bottom of Figure 4. We can determine
the impact of each graph by power counting. For each additional loop, we have
two particle propagators, omgpropagator, two powers @f and one loop integra-
tion, for a total of (M/Q?)2(1)(47/MQ)(Q®%/4x M) ~ 1. There is no suppression
for additional loops, and all diagrams that involve an arbitrary number of particle
exchanges contribute at LO. Graphs that include the two-Gadperator are sup-
pressed and start appearing at NLO. Graphs that include the three-body force may
or may not be leading, depending on the size of the three-body forces. Because at
this point we do not know how large they typically are, we provisionally include
them. The chain of diagrams to be summed, in contrast to the two-particle case,
does not form a simple geometrical series and cannot be summed analytically.

We can, however, consider the second line in Figure 4 as an equation that
determines this sum. For the bosonic case,1, we have

A
W) =Ko+ 55+ 2 [ dada@ (kp.a+ 5 ). 2.

with
1 p2+pq+q2—ME>
K(p,gq) = —1In
(p.) pq (pz—pq+q2—ME
gA?
H(A) = , 30.
(A) 4My?

wherety(p) is the scattering amplitude with all but the outgoing single-particle line
on-shell (“half-off-shell amplitude”)k is the incoming momentum in the center-
of-mass systenp is the outgoing momentum, amMdE = 3k?/4 — y2 is the total
energy. The on-shell point is pt=k.

In the case of nucleons in the quartet channel, the same equation is obtained,
but with A = —1/2 and some additional momentum dependence in the three-
body force (since the simple momentum-independent three-body force does not
contribute to this channel). Because all spins are parallel in the quartet channel,
only triplet two-body interactions occur and the valueyois determined by the
deuteron pole. The auxiliary fiellicarries the quantum numbers of the deuteron.
Inthe doublet case, singlet and triplet two-body interactions contribute. The analog
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of Equation 29 is a pair of coupled integral equations that, inShx4) limit,®
where the singlet and triplet scattering lengths are equal (or in the ultraviolet,
where Yag, y can be discarded), decouple into a pair of equations like Equation
29, one withi. = 1, another withh = —1/2. Two auxiliary fields appear, one with
the quantum numbers of the deuteron, another with S§gguantum numbers.

In all spin channels, equations for the higher partial waves are obtained by
substituting the logarithm in the kernel by a Legendre func@fpq/(p?+ 92 —
ME)]. Equation 29 is the version of the Faddeev equation (see Reference (41) for
an introduction) that is appropriate for contact interactions. It was first derived,
by very different methods, in Reference (42). It is only for separable potentials,
like the contact interactions considered here, that the Faddeev equation reduces
to a one-dimensional integral equation. This simplification reduces the numerical
work involved by many orders of magnitude.

2.2.1. MOST CHANNELS ARE EASY Let us first consider the channels in the second
group, that is, all channels but the doub&wave. The diagrams summed by
Equation 29 are all ultraviolet finite, which suggests that there is no need to include
three-body forces to absorb the cutoff dependence, since this dependence is a
subleading 1A effect. The (numerical) solution confirms this. Even in the absence
of a three-body force, the phase shifts are only weakly dependemt andty (k)

has a finite limit wherA — oo. Higher-order corrections can be included either
perturbatively (as was done in the two-body sector) or nonperturbatively through
the denominator in the dimeron propagator. This last resummation amounts to
including some (but not all!) higher-order effects. It can be automatically computed
by solving a modified version of Equation 29, which is easier than performing
perturbative calculations at high orders. Calculations of the neutron-deuteron phase
shifts are presently available up télMD (12, 36, 37). At this order, the only inputs
arey andr (for the three-body quartet channels) aridslandros (heeded only for

the doublet channels). No unknown LECs appear®a\ so this approach can be
easily pushed to higher orders (and precision). For a flavor of the results, Figure 5
shows the predicted quartBtwave phase shift and compares it to a phase-shift
analysis (43) (at finit&) and a scattering length measurement (44) (essentially at
k=0).

Most of the data are not precise enough to provide a strict test of the conver-
gence of the low-energy expansion, but the zero-energy point is much better mea-
sured. The EFT calculation gives for the quaBetave scattering lengths,» =
5.09+0.89+0.35+... = 6.33+0.05fm (12, 42, 45), whereas the experimental
value isag 3 = 6.35:0.02 fm (44). The EFT error is probably overestimated, since
the NPLO calculation resummed some of théLMD pieces and the remaining ones
are known to be smaller than the naive estimate (such as the effect of the two-body
shape parameter). Because the whole input in these calculations consisted of the
threshold parameters bIN scattering, these results are universal and constitute a

5See Reference (40) for a discussion of 818(4) limit in the NN sector.
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Figure 5 kcots for neutron-deuteron scattering in the quaBetave channel as a
function of the energy. The dashed line is the LO and the solid line th©Nesult

(36). Points are from a phase-shift analysis (43) and a near-threshold measurement
(44). (Figure courtesy of H.-W. Hammer.)

“low-energy theorem.” Any model with the correct scattering lengths and effective
ranges (barring wildly wrong phase shifts above threshold) should reproduce them,
within the estimated error. The small discrepancy with “first-generatiid’po-
tentials can be explained by the imprecise valueg pthat those models predicted.
“Second-generation” (or “realistic”) potentials fixed this discrepancy (46).

Coulomb interactions are important in proton-deuteron scattering at small en-
ergies. Reference (47) shows that they can be easily incorporated in the quartet
channels by a simple change in the kernel of Equation 30.

2.2.2. TRITON-*HE CHANNEL AND THE LIMIT CYCLE The opposite sign of in the
bosonic and quartet equations implies qualitatively different behavior of the re-
spective solutions. The most striking feature is that the solution of the bosonic
(and of theS-wave doublet) equation in the absence of a three-body force depends
sensitively on the value of cutoff used, even though, as mentioned above, there is
no ultraviolet divergence in the graphs summed. To illustrate this, Figure 6 shows
thek= 0 solutions of Equation 29 that correspond to various cutoffs (withl,
H =0). Notice that the three-body scattering length, determined by the asymptotic
plateau on the lefty_ o(k=0), can take any value as one varies the cutoff within
a reasonable range.

Ithas been known for a long time that Equation 29 is not well-defined in the limit
A — oo. This disease can be shown in a variety of ways (21, 48-50). Consider
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Figure 6 Zero-energy half-off-shell amplitude for boson/two-boson scattering as a
function of the outgoing momentup) from a numerical solution of Equation 29 with
no three-body force, for several different cutoffs.

the intermediate-momentum regini® <« p < A (remember tha@ stands for
any infrared scal® ~ y ~ k). Up to terms suppressed by power<pHfA, with
the assumption thatl ~ 1, Equation 29 reduces to (48)

pc+ pqg+dg
() = / dqt (m)tk(q). 31,

Equation 31 has two symmetriés,

t(p) — t(ep) (scale invariance)
t(p) = w(1/p) (inversion symmetry) 32.

which suggest the power-law solutidg(p) ~ pS. The allowed values of are
determined by plugging this ansatz back into Equation 31. For valusswth
that Re§) < 0, we find

8L sin%
V/3sC0S%>

For values ofs smaller thari. = 3+/3/47 = 0.4135.. ., the roots of Equa-
tion 33 have Ref) < — 1 and the half-off-shell amplitude goes rapidly to zero as
p — oo. In the quartet channel, for instangg(p) ~ 1/ p?, which is a softer ul-
traviolet behavior than the one expected in perturbation théggp), ~ 1/ p?. For
the Swave doublet case (or the bosonic case), thoughl and there is a pair of

=1 33.

These symmetries suggest that in the lipjtl/as — 0 the full conformal symmetry
holds. In the two-body sector this was confirmed, even for off-shell amplitudes (51). It is
not known whether the three-body amplitude is conformal in this limit. The three-body
forces break scale invariance at the order they first appear.
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imaginary solutions = +isg, with 55=1.006. . .. The asymptotic behavior of the
half-off-shell amplitude is then

tW(Q K p<kK A) = AsinxInp+9), 34.

whereA and$ arep-independent numbers. This oscillatory behavior can be seen
in Figure 6.

The normalizatiorA is fixed by the inhomogeneous term in Equation 29. Be-
cause that is important only in the infrared regipn~ Q, A can be determined
only by matching Equation 34 to the solution in the infrared region. The phigse
determined by matching Equation 34 to the solution in the ultraviolet region and
will depend on the ultraviolet physics [such as the value of the regulatand
the three-body forcel (A)]. Actually, by dimensional analysis, the-dependence
of § has to be of the formi(A) = —spIn A + §. If we vary A while keepingH
constant, as we have done so far, the dependence on the asymptotié plihse
“spill over” the infrared region and change the on-shell amplitude by a factor of
O(1). On the other hand,does not depend on the infrared scales( 1/as), and
so H(A) can be adjusted so thét= —spIn A + 8(H (A)) = —sIn A is cutoff-
independent (for any value &J, with A being a constant. Thus, the requirement
of cutoff invariance means thad (A) runs at LO and, for generic values af,
H(A) ~ 1. The typical size of the three-body force is then

(47)*H _ (4)?
MAZQZ MAZQZ’
as opposed to the naive estimate in Equation 26. This meanBdl&enhanced

in the presence of fine-tuning in the two-body sector by a factongf/)?. The
arbitrary parameteA has to be fixed by one piece of experimental input coming
from a three-body observable.

The two-body phase shifts are not sufficient to fix the three-body physics at
LO. Another way of looking at the renormalization of the three-body system
that is more easily generalizable to higher-order calculations is to consider two
amplitudest? (p) andt2 '(p), which are obtained by solving Equation 29 with two
cutoffs A and A’ and the corresponding three-body foré¢&\) andH(A'). The
integral equation that determing(p) can be written as

35.

0~

A 2 /
/0 dg <8(p -q)— ;qZA(q)K(p, Q)) te (q)

2H 2 2H(A) [ ,
= K(p. k) + A(zA ), 22H(4) ; dgdf A @)t ()
2H(A) 2H(A) | 2 (2H(A) 2H(A)\ [* :
t 7 A2 n( A7 e ) fo dadfA(a)t" (a)

+ 2 [ aata@ (ke + 28 ¢ 36.
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The first two lines in Equation 36 are identical to the equation that determines
t*(p). If the effect of the remaining terms is small [up to terms@fQ/A)],

t2(p) = t2'(p) [again, up to terms 0D(Q/A)]. These terms are indeed small,
suppressed by a factor /A compared with the leading terms. However, their
effect ont (p) is not suppressed. That is because the operator actitg(phon

the left-hand side of Equation 36 is nearly singular, that is, it has a small eigenvalue
of O(Q/A), so that

| A ( 25
5(p— 6) — ZPAGK(p. q)) a@) = O(Q/A)a(p). 37,
0 T

The eigenfunctiora(p) has the same asymptotics shown in Equation 34 as
t2(p). In our determination of the asymptotics, Equation 34, we have already
shown Equation 37 in the limih — oo and the total energg — 0. We now see
that the operator on the left-hand side of Equation 36 is almost noninvertible and
that the projection of? (p) in thea(p) direction is sensitive to th©(Q/A) terms
on the right-hand side of Equation 36. The amplitudes computed with diffaent
shown in Figure 6, indeed differ in the intermediate regime by a term of the form
sin(s In p + 8). The solutiort (p) has an increased sensitivity to the ultraviolet
physics and changes by a factor ©f1) if the right-hand side of Equation 36
changes by a factor @(Q/A). That explains the apparent contradiction between
the cutoff sensitivity and the absence of ultraviolet divergences.

If we use the asymptotic form &f (p), Equation 34, even in the regign~ A
where it is unjustified, and drop the terms suppresseddy\(?, we can derive
an approximate analytical expression fé¢A) needed to cancel th®@/A terms
in Equation 36 [and to guarantg®(p) is cutoff-independent up tO(Q/A)]:

_ cos(soIn(A/A) + arctarso)

= — , 38.
cos(soIn (A/A) — arctansy)

H(A)

where A is the parameter that determines the asymptotic phase, to be fixed by
experiment. We showd (A) in Figure 7. The points there were determined by
numerically finding values dfl (A) that, when inserted in Equation 29, reproduce
the same three-body phase shifts for different values dhe solid line is Equation
38. The agreement between Equation 38 and the numerical points, as well as
the independence of the phase shifts withafter H(A) is properly changed,
confirms our understanding of this somewhat unusual renormalization. For further
discussion of renormalization-group invariance at this order, see Reference (52).

The asymptotic running of the three-body coupling can be interpreted as a limit
cycle. The possibility of limit cycles in addition to fixed points was suggested in
Reference (53) but apparently never before seen in a simple physical system. Limit
cycles are now being further studied (54).

NLO calculations of phase shifts were performed in Reference (55) (scatter-
ing lengths were computed by different but equivalent methods in References 49
and 45). No new three-body force is needed at this order, althélgt) has
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Figure 7 Three-body force coefficientl (A) computed analyti-
cally (line) and numerically (points) as a function of lag(
400 MeV).

a correction proportional to the two-body effective range. As in other channels, it
is convenient to compute higher-order corrections by computing the kernel at the
order desired and iterating it. That is, one numerically solves Equation 29 with a
kernel that includes higher-order effects. At NLO, we demgh@) to be inde-
pendent ofA up to terms ofO(Q/A)?. Due to the almost singular nature of the
integral equation, the right-hand side of Equation 36 must lrdependent up to
terms ofO(Q/A)3. This can be accomplished with the same no-derivative three-
body force because the terms®@{Q/A)? on the right-hand side of Equation 36
are k- and p-independent. [Howeveld (A) will have a different form than in
Equation 38]. Similarly, at RLO we need to cancel th®(Q/A)? terms on the
right-hand side. Those terms, however, are proportionkf tand p? and can be
absorbed only by a three-body force with two derivatives. So,%atN\a new
three-body force appears, and we need yet another piece of three-body data to fix
this new LEC.

The cutoff sensitivity is dramatically reduced by going to higher orders, as
expected (56). Figure 8 shows the phase shifts inSleave doublet channel
computed at the first three orders (56). As inputs in these calculations, besides
the two-body interactions, we have a no-derivative three-body force fitted to the
experimental binding energy of the triton at LO and a two-derivative three-body
force fitted to the experimental value of the doublet neutron-deuteron scattering
length at NLO. The EFT results are compared to a phase-shift analysis (43)
and to results from the Argonne V18 potential plus the Urbana three-body force
adjusted to reproduce the correct triton binding energy ((57); A. Kievsky, private
communication).

The existence, even at LO, of a parameter not determineldNbgcattering
means that models tuned to reproduce the low-enligphase shifts may differ
widely in their predictions for three-body properties. However, since up to NLO
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Figure 8 Neutron-deuteron phase shift (in degrees) in the dodleve channel as

a function of the center-of-mass momentum: EFT at LO (dotted line), at NLO (dashed
line), and at NLO (solid line); a phase-shift analysis (crosses); and a potential model
(points). (From Reference (56) with permission.)

there is only a one-parameter arbitrariness in the three-body predictions, there must
be correlations among these predictions. This has been noted empirically (58).
Figure 9 shows results for the doub®tvave scattering length and the triton bind-

ing energy from a number of models, all of which reproduce the same low-energy
NN scattering (59). The predictions cover a wide range but show a clear correlation
(“Phillips line”). Also shown are the LO and NLO predictions for this correlation,
obtained by varying the value of the three-body force at fixed cutoff. An equivalent
explanation for the existence of the Phillips line was first offered in Reference (60).
Analogous results can be obtained in the EFT for the hypertriton (61).

In the 3 system, the pionless EFT seems to converge over a range of momenta
that is large enough to include the interesting physics associated with the bound
states. For example, if the three-body force is fitted to the scattering length, the
binding energy of triton i8B; = 8.08+ 0.23+ ... = (8.31+...) MeV (38, 56),
to be compared to the experimental reﬁ@fp = 8.48 MeV. The success of these
EFT calculations opens the way for the study of low-energy reactions involving
triton and>He.

3. EFFECTIVE FIELD THEORY WITH EXPLICIT PIONS

As the typical momentur® approaches the pion mass, it becomes increasingly
difficult to account for pion exchange as a short-range effect. As we further increase
momenta pas@Q ~ m,, we must include in the EFT an explicit pion field and
build up all its interactions allowed by symmetries. Because numerically the mass
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Figure 9 Correlation between the doubBtvave nucleon-deuteron scattering length
and the triton binding energy (Phillips line): predictions of different models (points),
EFT at LO (light dashed line) and NLO (dark solid line), and experimental value
(cross).

difference between tha isobar and the nucleodm = m, — my, is ~2m,,
convergence of the pionful EFT is optimized by the concomitant inclusion of an
explicit A degree of freedom. Th& can be included without additional problems,
since at these momenta theis, like the nucleon, a nonrelativistic object. All
other degrees of freedom can be considered heavy. Their effects are still subsumed
in contact interactions, as they were in the pionless EFT. What we are doing is
removing part of the pion (and possibly the isobar) contributions from the contact
interactions. One hopes the new EFT works for momenta igddep ~ 1 GeV,
the mass scale of the heavier particles.

Adding explicit pions to the theory will generate all sorts of nonanalytic con-
tributions to nuclear amplitudes. We want to devise a rationale for a controlled
expansion in the presence of pions.

3.1. Chiral Symmetry and Chiral Perturbation Theory

Fortunately, pion interactions are not arbitrary. Once explicit pion fields are con-
sidered, approximate chiral symmetry imposes important restrictions on the way
pions couple among themselves and to other degrees of freedom.

In the “chiral limit” where we neglect the massag andmy of the up and down
quarks, QCD has a chir&8lU(2), x SU(2)r symmetry. Because this symmetry is
not manifestin the QCD spectrum, itis reasonable to assume that it is broken spon-
taneously down to its diagonal subgroup, ®86(2), . r of isospin. Goldstone’s
theorem (62) tells us that massless Goldstone bosons, naturally identified as pions,
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are associated with the three broken generators, and theirfiéilason the “chiral
circle” (actually a three-sphe@) that represents the set of possible vacua. We call
the radius of this spherg;,; it is directly related to the chiral-symmetry-breaking
scale,Aysg ~ 4n f, ~ Mqcp, but the precise factor can only be obtained from
the (so far elusive) mechanism of dynamical symmetry breaking in QCD. It turns
out that this radius can be determined from the pion lifetime; it is called the pion
decay constantf, ~ 92.6 MeV.

To parameterize the chiral circle, it is convenient to choose fields for which
chiral symmetry is respected term-by-term in the effective Lagrangian. Because
the interactions of pions have to be invariant under chiral rotations, it is possible to
choose fields where an infinitesimal rotation is represented-as « + €. Inter-
actions of these fields always involve derivatives on the sphere, that is, derivatives
along with certain nonlinear self-interactions.

Aslong as quark masses are small enough, they change this picture only slightly.
A common quark mass breaks chiral symmetry explicitly down to the diagonal
subgroup. Points on the chiral circle are no longer degenerate in energy, and a
particular minimum is selected, in a direction given by the quark mass terms
that we define as the fourth direction. The quark mass difference further breaks
isospin explicitly. In the low-energy EFT, the effect of quark mass terms can be
reproduced if we construct all terms that break chiral symmetry in the same way.
These interactions can involvewithout derivatives but are always accompanied
by powers ofm, + mq or my — my. One example is a pion mass termf, x
(my + my). Electromagnetic and weak interactions can be constructed as well.

The well-studied theory of nonlinear representations of symmetries (63) pro-
vides the tools to write down the appropriate interactions between pions and other
fields. The resulting chiral Lagrangighhas an infinite number of terms that can
be grouped according to the index

L=)"LW A=d+f2-2 39.
A=0

whered is the number of derivatives, powersrof and/or powers odm, and f is

the number of fermion fields. Because of chiral symmetry, pion interactions that
stem from QCD bring derivatives and/or powers of the pion mass. As a conse-
quenceA > 0. The explicit form of£(*) for the lower values of can be found

in the literature (18, 64).

As in the pionless EFT, the only hope of any predictive power rests on finding
some ordering of contributions to amplitudes. This can be done for processes where
allthe external three-momenta &e~ m,,. Powers of) of any particular Feynman
diagram can be counted as for the superficial degree of divergence. Each space
derivative in an interaction produces a three-momentum in a vertex and therefore
counts af). A complication in the counting of energies stems from the presence
of heavy particles such as the nucleon along with light particles such as the pion.
In any loop, integration over the zeroth component of the four-momentum will
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involve two types of poles, according to the scales appearing in the propagators:
(a) standard poles at Q that correspond to external three-momenta and to the
mass of the pion, and) shallow poles at-Q?/2my that correspond to external
nucleon energies.

Processes that involve at most one heavy partigle=(0, 1) are the simplest
because the contour of integration can always be closed so as to avoid shallow
poles. In this case, all energies ar€). As a consequence, each time derivative
counts a®) and four-momentum integration brings a fac@t. A pion propagator
is Q~2and anucleon (at) propagator i€ fromits static term; kinetic terms are
of relativeO(Q/my) and thus can be treated as corrections. With these ingredients,
one can write the contribution of any diagram to the amplitude as

T o Q"F(Q/A), 40.

whereA is a renormalization scalé; is a calculable function of LECs, ands a
counting index. For strong interactions (65),

v=4—2C—A+2L+ZAi, 41.
i

whereC =1 is the number of connected pieckss the number of loops, and the
sum runs over all vertices. In addition, electroweak interactions can be considered
through a simultaneous expansiondn= €/4r and prf. SinceL > 0 and

A > 0,v > 2— A= vy Assuming that all LECs have “natural” size (given

by powers ofMqgcp once the lower scales have been identified explicitly), an
expansion inQ/Mqcp results. Its first two orders are equivalent to the current
algebra of the 1960s, but at higher orders unitarity corrections can be accounted
for systematically. In the sector & = 0, 1, the EFT is called chiral perturbation
theory (xPT).

In processes that involve more than one stable heavy parficte 2), on the
other hand, a failure of perturbation theory can lead to bound states (6). The shallow
poles cannot be avoided: they represent “reducible” intermediate states that, as
in the pionless EFT, differ from initial states only by nucleon kinetic energies,
which are~Q?/my. This O(my/Q) infrared enhancement over intermediate
states where energies areQ invalidates Equation 41 for reducible diagrams.
Fermion lines, loops, and derivatives then scale Withs in Equation 16. A pion
propagator still counts a®~2, but the pion can be taken in first approximation
as static, and it is sometimes referred to as a “potential” pion. Contributions that
come from standard poles naively scale as in processes with no more than one
heavy particle. Pions there are nonstatic or “radiative.”

The issue now is how to estimate the size of pion contributions. One needs
to find the importance ofd) pion exchange relative to short-range interactions,
and p) multi-pion exchange relative to one-pion exchange (OPE). Both issues are
related, via renormalization, to the size of the contact interactions. How large are
they in the pionful EFT? What are the contributions that must be resummed in
nuclear amplitudes?
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3.2. The Two-Nucleon System

As we have discussed, thiN system is characterized by scattering lengtiend

& that are much larger thanf Mqcp. In the pionless theory, this fine-tuning cannot

be explained, but it can be accommodated in the power counting by assigning to
the contact interactions the scaling given in Equation 16.

A new scale appears naturally in the pionful theory. The leadig= 0)
coupling of the pion to the nucleon is derivative with a coupling congayif,,,
wherega =~ 1.26 is a parameter not fixed by symmetry but determinggidecay.

The OPE contribution to theN amplitude is, schematicallg Q?/f2(Q? + m2).
Because areducible intermediate state contribu{gy/ 4, relative to OPE, once-
iterated OPE can be estimated to give a contribution

[03Q%/12(Q%+ m?))"(mnQ/4r)  Q

42,
0aQ%/f2(Q%+m2) Mnn
(as long axQ > m,,). Here we introduced the scale
4 f2
My = 5, 43.
gAmN

which sets the relative strength of multi-pion exchange. NumericallyNfoe 3),

my ~ 4nf, andg, ~ 1, soMyn ~ f,. This naive dimensional analysis cannot,
however, capture the numerical factors that actually set the relative size of pion
contributions. A more accurate estimate requires concrete calculations.

3.2.1. PERTURBATIVE PIONS For Q <My, iteration of OPE should be suppressed
with respect to OPE according to Equation 42. Moreover, if we assume that the
leading short-range effects aréra/my (as in Equation 16 witlQ — 1/a), then
OPE is suppressed l(1/aMyn) compared with the leading contact interaction.
With such estimates, iMyy is sufficiently large (compared with/a and m,;)
andQ sufficiently small, pions may be treated perturbatively. Lutz ((66); private
communication) and Kaplan, Savage & Wise (23) suggested that this could be
profitable.

A simple power counting, known as KSW counting, follows from takipg-
1/a ~ m, < Myn and counting powers of the light scalg This is a direct
extension of the power counting in Equation 16. In particular, the scaling of the
contact operators is assumed to be the same as before\withMyy, and thus
their ordering is unchanged. Because of chiral symmetry, each insertion of a pion
exchange brings a factor @/Myn. Electroweak interactions can be treated in
much the same way as before. One can show that renormalization can be carried
out consistently within this power counting (23).

However, for this power counting to be relevant to nuclear phybgg, has to
be sufficiently large. IMyy is not larger tham,,, the domain of perturbative pions
isnolarger than that of the simpler pionless theory. The issue of the range of validity
of the EFT with perturbative pions can only be settled by explicit calculation of
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dimensionless factors and comparison with precise observed quantities, this being
done to sufficiently high order so that a significant number of pion effects can be
tested.

With this power counting, the LONN amplitude coincides with that in the
pionless EFT (see Figure 1). At this order, there are contributions only in the two
Swave channels from chirally symmetric, nonderivative contact interactions (the
Coterms). Subleading terms, of relative ord&/Mny), are constructed in a direct
extension of subleading terms of the pionless EFT. Besides two two-derivative
contact interactionsd, terms), we also insert OPE and two nonderivative contact
interactions that break chiral symmetry explicitigyC;" terms). BotiC, andC;™
contact interactions only contribute 8waves. The tensor operator from OPE,
on the other hand, introduces mixing betwé&n and®D; waves. To this order,
all but theS-wave phases are predicted in terms of pion parameters. A calculation
of theNN system to NLO has been done (23, 67). Comparison with the Nijmegen
phase-shift analysis (26) suggests tiiaty >~ 300 MeV (23). The relative size of
OPE and contact interactions was extensively discussed (68—-70), but the issue is
clouded by the details of fitting procedures.

At N2LO, we encounter new pion exchanges: both nonstatic (or radiative) OPE
and once-iterated OPE. A calculation at this order was carried out$hRlandD
waves (71, 72). In singlet channels, such &s there seems to be good agreement
with the Nijmegen phase-shift analysis, but in triplet channels, sué§asD,,
and®Py 2, the NPLO corrections are big at momental00 MeV and lead to large
disagreement (Figure 10 shows one example). The effects of perturbative pions
(and of A isobars) are milder in the higher partial waves (73).

The problem can be traced to the iteration of the tensor part of OPE. These
results suggest that pions, or, more explicitly, the Yukawa part of potential and
radiation pions, when treated perturbatively, give rise to a converging expansion
for the 1S, scattering amplitude up to fairly large momenta. However, OPE in
the 3S, — 3D, coupled channels is not perturbatively convergent for momenta
around 100 MeV, because the tensor force, which survives in the chiral limit, is
too large. This, in turn, suggests that the naive estitg ~ f. is not entirely
unreasonable.

3.2.2. RENORMALIZATION OF THE PION LADDER AND POWER COUNTING If indeed
Mnn < Mqcp, we might hope to improve on the expansion of the previous section
by a controlled resummation of terms that go@&Vinn. If Mgy ~ 100 MeV, the
lack of other known particle thresholds there suggests that the resummation could
involve pions exclusively. Indeed, Weinberg, who first attempted the use of EFT
in the derivation of nuclear forces (6), had already suggested a power counting in
which pions appear in LO, and should therefore be iterated. [Some elements of
this power counting had been anticipated by Friar (74).]

Weinberg’s original proposal (6) for an EFT describing multinucleon systems
was to split the full amplitudes into reducible and irreducible parts. Irreducible
diagrams, in which typical energies superficially resemble those in ordjafy
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Figure 10 3S; NN phase shift in the EFT with perturbative pions, as a function of
the center-of-mass momentum. The long-dashed, short-dashed, and dotted lines are,
respectively, the EFT results at LO, NLO, anéLi®. The dash-dotted line is theNO

result with a higher-order contact interaction added. The solid line is the Nijmegen
phase-shift analysis. (From Reference (72), courtesy of T. Mehen.)

should satisfy the power counting, Equation 41. We call the sum of irreducible
diagrams the potential. Note that the potential, being a set of subgraphs, can
be defined in alternative ways. All definitions that exclude the infrared-enhanced
contributions but differ by a smaller amount are equally good, provided they avoid
double counting and omissions. A field redefinition might change the potential
but not the full amplitude. The important point is that the only scale that appears
explicitly in the potential i€, so that the power counting proceeds as in the case
of diagrams with at most one heavy particle. Reducible diagrams can be obtained
by sewing together irreducible diagrams via intermediate states that contain the
propagation of only the initial particles. The full amplitudiefor an A-nucleon
system is thus a sum of the potential and its iterations; schematically,

T=V+VGV+VGV&HV+...=V+ VGT, 44,

whereGy is theA-nucleon free (Scludinger) Green's function. This is simply the
Lippmann-Schwinger equation, which is formally equivalent to the &tihger
equation with the potentidl, from which wave functiong/) can be constructed.
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Unfortunately, counting powers @fis not in itself sufficient for an ordering of
interactions. We need to find which other scales accom@a@iven that we lack
a full solution of QCD, we must make some assumptions about the LECs. Because
OPE has short-range components, it is natural to assume that they set the scale for
the short-range interactions. In this case, since ORE(gi/ff) for Q ~ m,, we
expect the leadin®IN contact interactions to b® (47 /myMyn). This hypothesis
explains why nuclear bound states are much shallower than naively expected (6, 9).
The series in Equation 44 is roughly

4 Q
T~ 1+O<—>+...], 45.
MyMnn |: Mnn
which requires resummation and exhibits a (real or virtual) bound state at

Q ~ Mnn. In other words, the natural scales for tR&l scattering length and
for the binding energy of a nucleus are

la| ~ 1 B ~ MR N (47”712)2
MnN’ MmN gamy

respectively. We find that it is ndlgcp by itself that sets the scale for binding
energies, but a certain ratio of powers faf andmy. If we estimatemy ~ 4z f,
andga ~ 1, thenB ~ f,/4n ~ 10 MeV. It remains mysterious why tiéN (real
and virtual) bound states are even shallower, or equivalently|afliya few times
the natural scale of /Myy. This still has to be accommodated by fine-tuning the
contact interactions.

Because LECs serve as counterterms to pion loops in the potential, which are
expected to be suppressed (ag PiT) by powers of) /4x f,, Weinberg implicitly
assumed that LECs related to more derivatives and powers of the pion mass contain
inverse powers oMqcp. That is, a (renormalized) contact operator with index
would scale as

, 46.

4
Cam — 47.
mNMNNMQCD
as in naive dimensional analysis.
Accepting this assumption and disregarding the fine-tuning, a simple power
counting results fromtakin@ ~ Myy ~ 1/a ~ m,.. The potential obeys Equations
40 and 41. The leading potential consists of no-derivative, chirally symmetric
contact interactions plus static OPE,
2 -
vO — C(()S) + C(()T)gl <Gy — (%) tl'tzw

, 48.
fr G2+ m2

whereg; (2t;) are the Pauli matrices in spin (isospin) spacegisthe momentum
transferred. All contributions to nuclear forces other than Equation 48 would come
as corrections in powers @/Mqcp, starting at Q/Macp)?. The structure of the
potential rapidly becomes more complex with increasing order (7). The leading
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potential has to be resummed, whereas corrections can be treated in perturbation
theory. If the corrections are truly small, resumming them should cause no ma-
jor loss of control. This method requires numerical solution of the &tihger
equation and is similar in spirit to the traditional potential-model approach. As we
demonstrate below, Weinberg’s power counting has been extensively and success-
fully developed during the past decade to study processes that involve few-nucleon
systems.

However, there is a subtlety not presentiRT. Loops in reducible diagrams
probe high energies (when nucleons are far off-shell). As in the pionless EFT,
the potential does not vanish at large momenta; it is singular. In addition o the
function and its derivatives already present in the pionless theory, pion exchange
generates potentials that behave a3'lith n > 3, as the radial coordinate— 0.

The large-momentum or short-distance behavior is the same as in the chiral limit
mZ — 0. Even at LO, the tensor force goes as°lin the chiral limit. As a con-
sequence of ultraviolet divergences generated by the iteration of the potential, the
infrared enhancement Mocp/Mnn might contaminate LECs, possibly invalidat-

ing Equation 47.

The crucial issue is whether, at any given order, all divergences generated by
iteration can be absorbed in the parameters of the potential truncated at that order.
There is some indication that equally good fits can be achieved in leading orders
with various cutoffs (9, 70, 75—-78), as required of a sensible EFT, but the numerical
nature of the results makes a definite answer difficult.

Unfortunately, there seem to be formal inconsistencies in Weinberg’s count-
ing (23, 69). Divergences that arise in the iteration of LO interactions apparently
cannot be absorbed by the LO operators themselves. Two examples are two-loop
diagrams wherea) OPE happens between two contact interactions, with a di-
vergence proportional to the square of the pion mass (23) @FE is iterated
three times, with a divergence proportional to the square of the momentum (69).
Although these two particular cases could be resolved by promoting two counter-
termsto LO, itis likely that a similar problem would show up at higher orders in the
expansion. The correspondence between divergences and counterterms appears te
be lost, a fundamental problem with both the chiral expansion and the momentum
expansion that results from Weinberg power counting.

This argument is not decisive, though. In the context of the @tihger equa-
tion, perturbative arguments are not in general reliable for singular potentials (79).
The perturbative expansion might have a cut startingZatf?> = 0; ag3/f?2
expansion would then entail correlated contributions to counterterms at different
orders, each bringing powers iliocp/Mnn yet resulting in a much better behaved
sum. How can the resummation be consistent? There is a mapping between the
singular two-body 1r? central potential and the three-body problem with short-
range interactions. In Section 2.2.2, we saw that for the latter, the renormalization
of the nonperturbative equation is very different from the renormalization of indi-
vidual terms in the associated perturbative series (21). In particular, the relevant
counterterm exhibits a limit-cycle behavior.
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u(r)

Figure 11 Zero-energy radial wave functions of thgrf potential: exact (solid line)
and perturbation theory to LO (short dashes), NLO (medium dashes),ui(fong
dashes). (From Reference (80) with permission.)

It turns out that the correct renormalization of singular potentials is intrinsi-
cally nonperturbative (79, 80). Both solutions of the Sclimger equation for an
attractive Jr" central potential, in contrast to regular potentials, are equally ac-
ceptable: the radial wave functior ), whose large-distance behavior determines
low-energy observables, oscillates rapidlyradecreases. Perturbative approxi-
mations to the wave function fail at distances comparable to the intrinsicrgcale
present in the potential, as illustrated in Figure 11. A single counterterm associ-
ated with the short-distance physics can render the problem cutoff-independent.
For example, short-distance physics can be represented by a square-well potential
of radiusR « rg, whose depthYy = Vp(R), can be adjusted so that physics at
r >rois independent oR (80). [The advantage of this coordinate-space regulator
is that one can do an analytic matching of the outer and inner solutions of the
Schigdinger equation, thus finding the desirég{R). For another technique to
deal with a singular potential, see e.g. Reference (81).] Whereas for a repulsive
potential there exist only fixed points (82), the situation in the attractive case is
similar to the three-body system.

These results were extended to tibl potential in thel'S, and3S, — 3D;
channels (83); the long-range part of the potential was taken as ORPESfdR.

The asymptotic behavior is that of the chiral limit, where the relevant scale is
ro ~ 1/Mnn. The depths of the short-range part of the potential can be different
in the singlet and triplet channels, as there are two paramélés?se{ndcg)] in
Equation 48.

In the 1S channel, the calculation is straightforward. The pion potential is
simply a Yukawa form, and the explicit solution is

2 2
ey 5 T _ gAm§ R 0
Vo(R;n) = —(2n + 1) IR Br2R log <_R*) + O(RY), 49.
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Figure 12 Running ofmyV as a function of the cutoR. Singlet channeléft pane):

The solid line shows Equation 49 for= 1; the dotted line omits thR~* part. Triplet
channelight pane): numerical solution of an analytic matching equation (solid lines).
Points are extracted directly from a numerical solution of the &tihger equation in

the respective channel. (From Reference (83) with permission from Elsevier Science.)

whereR, is an intrinsic length scale to be determined numerically from a fit to low-
energy data, andlabels the branch of a cotangent. In the left panel of Figure 12,
the R-dependence d¥y, as given by Equation 49, is compared to the numerical
solution of the Schuodinger equation with the observed singlet scattering length.
The presence of a multibranch structure is related to the accumulation of bound
states inside the square well. The presence of unphysical bound states is innocuous
if the binding energies of such states are near the cutoff of the EFT.

The formal problem with the chiral expansion in Weinberg’s counting survives
the resummation. Although the first cutoff-dependent term in Equation 49 can be
represented by a chiral-symmetric contact interaction, the second would require
a chiral-breaking one. In momentum-space notation, where the cutoff is denoted
by A,

A 72 m2 A,

Co(A) + m2CE™(A) = R [(2n + 1)2? + MN;A log (T)} . 50.
Although the logarithmic divergence is suppressed by a power obmpared
with the first term, it is a true divergence in physical quantities that must be renor-
malized at LO in Weinberg power counting. Tﬁg‘m) operator, which is formally
subleading, must be promoted to LO if the full OPE is iterated, in agreement
with the perturbative argument of Reference (23). On the other hand;gr.‘ﬂ‘b
contribution is numerically small (see dotted curve in the left panel of Figure 12,
which neglects the\ —2 corrections to the running). This smallness explains why
Weinberg’s power counting has been found to work well in this channel over a
moderate range of cutoffs (9, 70, 75-78).

A possible conclusion is that OPE and tt¥my) LECs contribute to any
amplitude at the same order in the expansion, and this is what leads to KSW power
counting. However, a more general conclusion is that the difference between the
OPE contribution fomg # 0 and the OPE contribution in the chiral limit must
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occur at the same order as tlk¥my) counterterms. In many cases these two
conclusions yield identical amplitudes, but not in &8 — 3D, channel.

In the3S; — 3D; channel, in addition to the long-distance Yukawa interaction
and the contact interaction, there is a strong tensor component of OPE that couples
SandD waves. At distances « 1/m;, the central potential is negligible, and
in the regionR < r « 1/Myn, We can neglect the angular-momentum barrier.
Moreover, for/myE <« My, the total energye can be treated as a perturbation.

In this short-distance limit, we can keep only the chiral limit of the tensor force, and

the Schodinger equation can be diagonalized and solved exactly. In the diagonal
basis, the Sclodinger equation decouples into an attractive singular potential and
a repulsive potential. The solution for the attractive singular potential is a linear
combination of Bessel functions (80, 84), and the wave function at this order is

6
u(r) = Ar¥4 cos( / + qbo) , 51.
MNNr

whereA is a dimensionful normalization constant apylis the asymptotic phase,
which determines the triplet scattering length. This solution oscillates ever faster
as it approaches the origin, just as in Figure 11. As before, the issue is whether
aVo(R) can be found such that the asymptotic phggbecomesR-independent.
Matching logarithmic derivatives of the interior square-well and exterior attractive
solutions at = R yields an equation whose solution is shown in the right panel
of Figure 12. The renormalization-group flow is multi-branched and nonanalytic
in gi/f2.

The LO phase shifts are indeed found to be cutoffindependent (83), in agreement
with the numerical analyses of References (84) and (77). As an exampf&; the
phase shift is shown in Figure 13. In these channels, the perturbative argument
(69) is misleading; Weinberg's power counting does not seem to be formally
inconsistent.

It was conjectured (83) that a formally consistent expansion in the pionful EFT
is an expansion around the chiral limit. This expansion is equivalent to KSW
power counting in thé S channel and equivalent to Weinberg power counting
in the3S, — 3Dy coupled channels, i.e., it selects only the desirable features of
both power countings. The LO potentM(r; 0), to be treated exactly, consists of
the chirally symmetric component of OPE and nonderivative contact interactions.
Deviations from the chiral limi¥/ (r; m,) — V(r; 0) can be treated perturbatively in
allchannels, and in fact, such a perturbative expansion is requiredigtbleannel
but not in the®S, — 2D, channel. Evidence was presented that this expansion
converges, albeit slowly. The slowness is due not to the long-range pion physics
itself, but to the fine-tuned short-distance physics [as argued previously (85)].

Although existing obstacles to a derivative and pion-mass expansion were re-
moved, higher orders must be studied before the issue can be considered settled.
For example (86), an incomplete subleading calculation with nonperturbative pi-
ons has found limits in fitting the effective range. Note also that alternative views
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Figure 13 3S; NN phase shift in LO in the EFT with nonperturbative pions, as a
function of the center-of-mass momentum. The long-dashed, medium-dashed, and
short-dashed lines have, respectively=R0.45 fm (A = 438 MeV), R= 0.21 fm

(A =938 MeV), and R= 0.10 fm (A = 1970 MeV). The solid line is the Nijmegen
phase-shift analysis. (From Reference (83) with permission from Elsevier Science.)

of the renormalization of the pion ladder exist (87). Finally, there is an interest-
ing suggestion of expanding théN amplitude in the energy region where the
Swave phase shifts vanish (88). The connection between this expansion and the
low-energy expansion described here has not been fully analyzed.

3.2.3. POTENTIALS AND FITS TO NN DATA Conceptually and numerically, the pic-
ture that emerges from the previous section is close to Weinberg'’s original proposal.
To be formally consistent, we should expand the potential in powers of the pion
mass. If we resum the effects of the pion mass in pion exchange, which can be done
with higher-order error, then the LO potential becomes the same as in Weinberg's
power counting. Corrections to the LO potential need not be iterated to all orders.
Yet, as has been shown explicitly in the pionless EFT (14), they can be iterated
with small error if one uses a regularization with a cutafi~ Mgcp. Clearly, a
potential that is correct up to a certain order ensures that the amplitude is correct
to the same order.

Much work has been done in developing an EFT potential based on Weinberg’s
power counting. Traditionally, potential models have been plagued by problems
of principle, such as the form of meson-nucleon interactions (e.g., pseudoscalar
versus pseudovector pion coupling), renormalization issues, absence of a small
expansion parameter, etc. Because the EFT potential explicitly includes only the
exchange of pions, all these problems can be resolved. For any given choice of
pion field, the form of interactions is fixed by the pattern of chiral symmetry
breaking. Renormalization can be performed because all interactions consistent
with symmetries are included. And the power counting (Equation 41) for the EFT
potential implies that diagrams with an increasing number of ldepsnd, in
particular, with an increasing number of exchanged pions—should be progressively
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less important. The EFT potential can be considered, in an average sense, a low-
energy approximation to standard potential models.

In LO, v = vmin = 0, the NN potential consists of simply static OPE and
momentum-independent contact terms. This is obviously a very crude approxima-
tion to theNN potential; it is known that the nuclear force has other sizable compo-
nents, such as a spin-orbitforce, a strong short-range repulsion, and an intermediate
range attraction. These are all generated in the next ordetsvmi, + 1 correc-
tions vanish owing to parity and time-reversal invariance, but sevetabmin + 2
corrections remain. First, there are short-range corrections; they come from one-
loop pion dressing of the lowest-order contact interactions and fidroohitact
interactions with two derivatives or two powers of the pion mass. Itis easy to show
that the result of loop diagrams amounts to a simple shift of the contact parameters.
Second, there are corrections to OPE; these come from vertex dressing and from
recoil upon pion emission. Third, there are two-pion exchange (TPE) diagrams
built out of the lowest-ordet NN (andszr NA) interaction. Atv = vmin + 3, a few
more TPE diagrams appear, which involve theNN seagull vertices from the
A = 1Lagrangian. To this order, there are also some small relativistic corrections.
At v = vmin+4, a host of two-loop diagrams and new contact interactions emerge,
and so on. Some diagrams are shown in Figure 14.

A calculation of all contributions to th&N potential up tov = vmin + 3
was carried out (7, 9) using time-ordered perturbation theory. This EFT potential
is energy-dependent, but equivalent potentials can be obtained through unitary
transformations. An energy-independent potential is more convenient in many
situations; the corresponding version has been derived (89).

The potential to this order has all the spin-isospin structure of phenomenolog-
ical models, but its profile is determined by explicit degrees of freedom, symme-
tries, and power counting. The power counting suggests a hierarchy of short-range
effects:Swaves should depend strongly on the short-range paran@éfe?é con-
tact interactions affed®-wave phase shifts only in subleading order, so their effect
should be smaller and approximately linear; &ndnd higher waves are directly
affected by contact interactions at higher orders, being thus essentially determined
by pion exchange. Whereas phenomenological potentials such as thatin Reference
(90) have similar short- and long-range structure, it is on TPE that chiral symmetry
is particular influential. The chiral TPE, first derived in Reference (7) in the limit
of a heavyA, was studied in detail (73). More recently, the chiral TPE potential
was substituted for one-boson exchange in a Nijmegen phase-shift reanalysis of
proton-proton data below 350 MeV (91), and a drogfwas observed. A new
full Nijmegen phase-shift analysis is in the works, in which chiral TPE is used in
the long-range potential (91).

Fits toNN phase shifts were done to this order with (9) and without (78) explicit
A degrees of freedom. Although OPE and TPE diagrams are completely deter-
mined by LECs accessible inN reactions, most of these LECs were not known
at the time of Reference (9) and were also searched in the fit. Epelbaum et al. (78)
took these parameters from a fit#d\ scattering, which allowed for a simpler,
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Figure 14 Some time-ordered diagrams that contribute toNiepotential in the
pionful EFT. Solid lines represent nucleons; double limesgashed lines, pions; dot,
an interaction inc©; dot within circle, an interaction i£?; dot within two circles,
an interaction inc@. The first line corresponds 0= v, the second and third lines
to v = vmin + 2, the fourth line taw = vyin + 3, and . .” denotesv > vymin + 4. All
orderings with at least one pion (&) in intermediate states are included. Not shown
are diagrams that contribute only to renormalization of parameters.

partial-wave-by-partial-wave fit dIN phase shifts. They found reasonable agree-
ment with existing phase-shift analyses and deuteron properties. As an example,
the3S; phase shift at various orders is shown in Figure 15 and compared to the
Nijmegen phase-shift analysis (26) (see Figures 2, 10, and 13). The contributions
from the short-range parameters in this fit turn out to be similar to those from
heavier resonances in phenomenological models (92).

Although the fits tov = vmin + 3 are good, they are inferior to the so-called
realistic potentials that use 40-50 parameters to fit data up to 300 MeV with a
x?/d.o.f. near 1. First steps are being made to extend the EFT potentiakto
vmin + 4 (93-95). The results are promising, achieving quality comparable to
realistic potentials. [Indeed, the difference among realistic potentials arises from
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Figure 15 3S; NN phase shift (in degrees) in the EFT with Weinberg counting, as a
function of the lab energy (in GeV). The dotted, dashed, and solid lines are the results
at ordersy = vmin, v = vmin + 2, andv = vmin + 3, respectively. The squares are the
Nijmegen phase-shift analysis. (From Reference (78), courtesy of U.-G. Meil3ner.)

high-momentum intermediate states probing scales that cannot be uniquely fixed
by low-energy fits (96).]

3.2.4. ISOSPIN VIOLATION The mass difference betweenandd quarks breaks
isospin symmetry explicitly. The meson masses indicate that theeratigm, —
mq)/(my + myg) ~ 1/3. Naively, this suggests that isospin might not be a much
better symmetry than the rest of the chiral group. On the other hand, a cursory look
at hadron masses and a more complete analysis of dynamical amplitudes show that
isospin is typically broken only at the few-percent level.

Why is isospin such a good symmetry at low energies? The answer can be found
in the pattern of chiral-symmetry breaking incorporated in the chiral Lagrangian
(11). Explicit chiral-symmetry-breaking effects are present already at index0
through the pion mass term, but operators generated by the quark mass difference
appear only at\ = 1 through a term that contributes to the nucleon mass splitting
and—because of chiral symmetry—to certain pion-nucleon interactions. As a con-
sequence, in most quantities, isospin breaking competes with isospin-conserving
operators of lower order, and its relative size is adiut ¢(Q/Mqgcp)", where
n is a positive integer. In other words, isospin is an accidental symmetry (11):
a symmetry of the lowest-order EFT that is not a symmetry of the underlying
theory. The only known exception to this rule is in the isoscatdrannel int N
scattering at threshold, where there is no contribution fronatke O Lagrangian,
and both the isospin-conserving and -violating amplitudes start at the same order.
The isospin-violating piece comes from the pion-nucleon interactions linked to
the nucleon mass splitting. Unfortunately, this is hard to see experimentally.
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Along these lines, one can study the expected size of isospin breaking in the
nuclear potential. We follow the standard nomenclature, in which an isospin-
symmetric potential is “class I,” a potential that breaks charge independence but
not charge symmetry—defined as a rotationrofround the 2-axis in isospin
space—is “class Il,” a potential that breaks charge symmetry but vanishes in the
np system is “class Ill,” and a potential that breaks charge symmetry but causes
mixing in thenp system is “class IV.”

At Q ~ Mpn, photon exchanges are perturbative. These standard electromag-
netic effects from “soft” photons can be obtained straightforwardly from gauge-
invariant operators that involve the photon field. In addition, isospin violation arises
from the quark masses, from indirect electromagnetic effects, and from simulta-
neous pion-photon exchange. In order to compare the various sources of isospin
breaking, we note that the size of electromagnetic effects in loops is typically
~a /7 which, numerically, is~e(Q/Maqcp)®.

The leading isospin-breaking interactions in Weinberg’s power counting have
been derived (11). (The necessary modification of Weinberg’s counting discussed
in Section 3.2.2 shows that chiral-symmetry-breaking terms are even more sup-
pressed than chiral-symmetric ones. This modification is not expected to affect the
relative sizes among isospin-breaking interactions.) No isospin-violating effects
appear at LOy = vmin, SO the leading potentialis class I. The firstisospin-breaking
effect (in addition to Coulomb exchange) appeans &t vy + 1 in the form of a
class Il isospin violation from the pion mass splittingri? = O(« McngD/”)] in
OPE. One order dowm,= vy + 2, a class lll force appears mainly from the quark
mass difference through breaking in th8IN coupling [81 = O(em3 /Ma¢p)] in
OPE, from contact terms/{, = O(sm; /Mdcp)], and from the nucleon mass
difference Amy = O(em?2 /Mqcp)]. To this order, the isospin-violating nuclear
potential is arNN potential of the form

Vip = Vi [(t)a(t2)s — ta - to] + Vin [(t1)s + (t2)3] 52.
where
2 oo a o
Ja gq-019-02 2 2
Vi=—( = — = AmZ 4+ Amy), 53.
=~(}) @ 2

gaB1G - 010G - 62

Vi = ——-
Il 212 @+ me

— (s + 1201 52). 54,

Finally, class IV forces appear only at ordet vmin + 3.
We conclude that the pattern of symmetry breaking in QCD naturally suggests
a hierarchy of classes in the nuclear potential (11):

(Mm41) o ( Q ) ’ 55,
(Vm) Maco
where (V) denotes the average contribution of the leading class-M potential.
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This qualitatively explains not only why isospin is a good approximate symmetry
atlow energies, but also why charge symmetry is an even better symmetry. It gives,
for example, the observed isospin structure of the Coulomb-corrected scattering
lengths (97)anp =~ 4 x [(@nn + pp)/2 — @np] == 4% X (pp — @nn)-

One can use the above formalism to do consistent and systematic calculations
of isospin violation. For example, the isospin-violating potential of rangksn,
and~1/2m; up tov = vmin + 3 were computed (98—100). In contrast to previous
attempts that lacked an EFT framework, the EFT results are invariant under both
gauge transformations and pion-field redefinitions and have simple forms. The
component of range-1/m, comes from diagrams with all possible one-photon
dressings of OPE, plus the relevant counterterms (98). Its isospin structure allows
only charged-pion exchange and therefore is class Il. Fhipotential has been
incorporated in a Nijmegen phase shift reanalysisgdata below 350 MeV (98).

We can use the values for théNN coupling constants determined by the analysis
to find that their isospin breaking() is consistent with zero, with an uncertainty
comparable to our expectation from dimensional analysis andArem—»,’ mix-

ing (101). Similarly, the two contact interactiong {) might be viewed as originat-

ing in p—w mMixing and pseudovector-meson exchange (in particular close-lying
doublets such am—f;) (101, 102). The components of rangé&/2m, come from

two sources. One is the pion mass differentenf ) in TPE that generates a class

Il potential (99); the other is a7 NN seagull that arises as a chiral partner of
the nucleon mass differencAiny) and produces a class Il TPE potential (100).
All these effects are relatively small, with estimated contributions to the scattering
lengths of approximatelyt 0.5 fm.

Walzl et al. (103) carried out a fit tBIN phase shifts that included various
of the above isospin-breaking interactions, improving on an earlier analysis with
perturbative pions (104). Isospin breaking in the scattering lengths can be accom-
modated, and higher energies and partial waves can be predicted. A next-order
calculation should achieve the level of precision of modern phenomenological
potentials.

3.3. Three- and Four-Nucleon Systems

Few-body systems raise the issue of few-body forces allowed by symmetries,
which will at some level contribute to observables. One of the advantages of an
EFT framework is the possibility of deriving consistent few-body forces, free of
off-shell ambiguities. In the standard nuclear physics approach, few-nucleon forces
are either inspired by arguments that are independent of the assumptions invoked
in theNN potential, or are simply guessed at on phenomenological terms.

The pionful EFT offers some insight into few-nucleon forces. In addition to
contact interactions as in the pionless theory, it has further pion-exchange compo-
nents. The potential, defined as a sub-amplitude, includes(fer2) diagrams
that haveC > 1 separately connected pieces. #nucleon force is a contribution
to the potential that conneatsnucleons.
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Weinberg’s power counting, embodied in Equation 41, suggests a hierarchy of
few-nucleon forces. As in theN case, this power counting relies on an implicit
assumption about the scale in contact interactions. We saw in Section 2.2.2 that,
in the pionless EFT, the running of the renormalization group toward low energies
enhances the size of three-body forces. The latter get contaminated by the fine-
tuning present in the two-body sector. Whether the same happens at the higher
energies relevant to the pionful theory is not clear. A portion of thé&Bces in the
pionless theory matches onto diagrams of the pionful theory that are the iteration
of the NN potential throughNN intermediate states where at least one nucleon
has momentun©(m,,). It is conceivable that the enhancement is removed from
contact interactions once the EFT is extended to momentxiof, ).

The new forces that appear in systems with more than two nucleons have been
derived (7, 8, 10). The dominant potentialpat 6 — 3A = vy, is Simply theNN
potential of lowest order, which we encountered in Section 3.2.3. We can easily
verify that, if the A is kept as an explicit degree of freedom, M @Botential will
arise atv = vmin + 2, a N potential atv = vmin + 4, and so on. Approximate
chiral symmetry implies that-nucleon forced/,,y obey a hierarchy of the type

(Mn+)n) < Q )2
~0 , 56.
(Van) Macp

with (V,,n) denoting the contribution per-plet. (This hierarchy is a nontrivial
consequence of chiral symmetry; some nonchiral models produce large three-body
forces.) As discussed in Section 3.2.2, we expééty)| ~ 10 MeV. Usingm,
andm, for QandMqcp, respectively, the suppression factor8.05, give or take
a factor of two or three. These estimates are in accord with detailed few-nucleon
phenomenology based on potentials that include snha#ird no 4N forces. This
is shown in Table 1 in the case of the AV18/IL2 potential (105).

It proves instructive to look at the form of the first few terms in the few-nucleon
potential. Atv = vyin + 2, in addition to corrections to theN potential, one
also finds diagrams that involve either three nucleons or two pairs of nucleons

TABLE 1 Contributions of the two-, three- and four-nucleon potentials (per doublet,
per triplet, and per quadruplet, respectively): Weinberg power counting (W pc) and
calculations (105) with the AV18/IL2 potential for the ground states of various light
nuclei €H, °H, etc.)

(MeV) Wpc 2H °H “He SHe L %Be Be 108
(Vo) ~10 22 20 23 13 11 11 9.4 8.9
[(Van)| ~05 — 15 2.1 055 043 038 0.29 0.30
[(Van)| ~0.02 — — ? ? ? ? ? ?

% ~0.05 — 0.075 0.091 0.042 0.039 0.035 0.031 0.034

L{Van)| ~0.05 — — ? ? ? ? ? ?
[(Van)I
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KT

Figure 16 Some time-ordered diagrams that contribute to the three-nucleon potential
in the pionful EFT. Solid lines represent nucleons; double lineslashed lines, pions;
heavy dot, an interaction id©; dot within a circle, an interaction ig®. The first

line corresponds to = v, + 2, the second line to = v,y + 3, and “..” denotes

v > vmin + 4. All nucleon permutations and orderings with at least one pioA or
intermediate states are included.

connected via leading contact interactions and static pions. The various order-
ings of these diagrams cancel among themselves and against contributions from
the energy-dependent piece of the iterdtidipotential that appears at the same
order (6, 8, 10). Alternatively, redefining the potential to eliminate energy depen-
dence leads to noNBTPE forces of this type at all (89). The onl\NJorces

that remain to this order are generated by tésobar, if theA is kept explicit

in the EFT. Atvmin + 3, further terms with similar structure arise (10, 11) (see
Figure 16).

If, instead, theA is integrated out, its contributions appear through the para-
meters of the potential at = vmin + 3. In this case, there are ndN3orces up
to v = vmin + 3. Epelbaum et al. (106) used the= v, + 2 deltaless potential
of Reference (78) to predict properties of thd @nd N systems. The small
variation allowed in the cutoff does not permit firm conclusions about consistency
in renormalization. Low-energyNBscattering observables an and /N binding
energies come out similar to conventional-potential results Ayptizzle” plagues
conventional models: All potentials that fitN data well fall short of reproducing
the elastic neutron analyzing pow&y, at energies as low as 3 MeV. This seems
to be the case with chiral potentials as well (107).

The leading 8l potential (10) has components with three different ranges: TPE,
OPE/short-range, and purely short-range. (Relativistic corrections neglected below
are discussed in Reference (74).)

The TPE partofthe potential is determined in termslifscattering observables
(10). Itis similar to the Tucson-Melbourne (TM) and Brazil potentials (108), but it
corrects a deficiency of the TM potential in regard to chiral symmetry (109). The
resulting TM potential has been studied in detail (110, 111ybkf et al. (111)
showed that one of the components of the force is dominam &i&stic scattering
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observables. This explains why all existing TR¥Ef8rces give essentially the same
results for the Bl continuum after being fitted to the triton energy. This typeldf 3
force does not much improve agreement4g(111). _

The novel OPE/short-range components of the potential involvert(idiN)?
interactions of strengths not determined by chiral symmetry alone (10). These pa-
rameters can be thought of as representing short-range effects sucnds ex-
changes with an intermedidt§1440) resonance, aptexchange from a p Kroll-
Ruderman term (112). Because of the antisymmetry of the wave function, only
one combination of parameters contributes (I.W. Stewart, private communication;
E. Epelbaum, private communication). This combination can be determined from
reactions that involve only two nucleons, as discussed in Section 3.4 below. If this
combination has natural size, this force, in conjunction with;1ddn bridge a sig-
nificant part of the discrepancy between “realisti potentials andy, data (111).

The purely short-range components of the potential can be determined only
from few-nucleon systems (10). As we have seen (Section 2.2), the Pauli principle
leads to a single LEC. Once this LEC is determined from dwaBut (such as the
triton binding energy), all other observables (suchggan be predicted, once the
OPE/short-range component has been fixed by data involving just two nucleons.

It is apparent that the pionful EFT brings new forces into play, and these new
elements might resolve remaining issues in the description of data. This prospect
calls for a fully consisteniimin + 3 calculation with maximaNN input.

3.4. Processes with External Probes

The power counting arguments of Section 3.2.2 can be generalized to the case
where external probes with momei@a~ My interact with few-nucleon systems.

The probes deposit an energiviyy onto the nuclear system, so that, if we define
the kernelK as the sum of irreducible diagrams to which the probes are attached,
the power counting (Equation 41) applies equally welKtolnteractions among
nucleons that occur before or after scattering can be treated as before: Iteration of
the potential gives rise to the wave functi@h) (Jy')) of the initial (final) nuclear

state. The full scattering amplitude is then

T = (W'|K|¢). 57.

The pionful EFT can also handle scattering at smalleof course, but then Equa-
tions 41 and 57 must be modified. When the deposited energilfg,/my—for
example, when the incoming probes are photons of mom@nta MZ,,/my—
there can be intermediate few-nucleon states that are reducible, and the break-
down of T into kernel and wave functions is more complicated (113). In this sit-
uation, a perturbative treatment of pions, or even better, the pionless EFT, should
suffice.

In practice, it is frequently desirable to minimize nuclear wave-function errors
by using a high-precision phenomenological potential. That this is a good approx-
imation is suggested by a comparison (76) between a simplified version of the
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EFT potential of Reference (9) and the Argonne V18 potential (90), which show
agreement in most aspects of the wave function. The cost of this “hybrid approach”
(8) is the introduction of an uncontrolled error due to a possible mismatch between
the off-shell extensions of the kernel and the potential. This error can, however, be
estimated by the use of several different phenomenological potentials of similar
quality.

As with few-nucleon forces, the facter2C in Equation 41 implies that external
probes tend to interact predominantly with a single nucleon, simultaneous inter-
actions with more than one nucleon being suppressed by powe@/®dcp)>.

Again, this generic dominance of the impulse approximation is a well-known re-
sult that arises naturally here. This is of course what allows extraction, to a certain
accuracy, of one-nucleon parameters from nuclear experiments. A valuable by-
product of the EFT is to provide a consistent framework for one- and few-nucleon
dynamics, whereby few-nucleon processes can be used to infer one-nucleon prop-
erties. More interesting from the purely nuclear-dynamics perspective, however,
are processes in which the leading single-nucleon contribution vanishes with a
particular choice of experimental conditions, for example the threshold region. In
this case, certaiNN contributions, especially in the relatively large deuteron, can
become important. Further examination of the structure of the chiral Lagrangian
reveals thalNN contributions tend to be dominated by pion exchange. Indeed,
photons and pions couple tdNdoperators only aO(Q/Mqcp) relative to pion-
exchange diagrams constructed out of the LO Lagrangian. Thus, power counting
justifies the “chiral filter hypothesis” that was put forward to summarize some em-
pirical results on electroweak form factors (114). This “pion dominance” ensures
thatNN contributions from the EFT in lowest orders tend to be similar to those in
phenomenological models that include pion-exchange currents.

Many processes have been analyzed in the pionful EFT. Some ofthose processes
are extensions to higher energies of the same electroweak processes described in
Section 2.1. For example,

= ed— edand deuteron form factors (115)
= 2d — eNNand parity violation (116)
= np — dy and meson-exchange currents (117)
= fip — dy and parity violation (118)
= pp— detve and axial currents (119)
= p3He — “He ety and solar neutrino production (120)
= vd — INN and solar neutrino detection (121)
= ud — v,nnand its measured rate (122)
= yd — ydand nucleon polarizabilities (113, 123)
For details, we refer the reader to more extensive reviews (18) and the original

papers. Here we briefly discuss the processes most germane to the pionful theory,
involving pions in initial and/or final states.



EFFECTIVE FIELD THEORY 385

3.4.1. nd —nd This reaction offers perhaps the most direct way to check the con-
sistency of EFT in one- and few-nucleon systems. For simplicity, consider the
region near threshold with tha integrated out. There the lowest-order,=

vmin = —2 contributions to the kernel vanish because the pion is sveave and

the target is isoscalar. The= v, + 1 term comes from the (small) isoscalar
pion-nucleon seagull, related in lowest order to the pion-nucleon isoscalar ampli-
tudeb®. Thev = vyin + 2 contributions come from corrections:tdN scattering
andNN diagrams, which involve not onlg® but also the much larger isovec-

tor amplitudeb®. These various contributions to thel scattering length have
been estimated (8, 124) and found to agree with previous, more phenomenological
calculations, which have been used to extti®t Partial sets of higher-order cor-
rections have been evaluated (125) (see Reference (126) for the related, double-
charge-exchange process). A consisterst vmin, + 3 calculation ofrd elastic
scattering is in progress (127). Eventuallyy & vp,in + 4 calculation might be
required in order to determine the chiral-symmetry breaking []gt‘f), discussed
further below in connection with lattice QCD. Charge-symmetry-breaking effects
were considered in Reference (128). An alternative approach with perturbative
pions (129) also seems to accommodate the available experimental data.

3.4.2. v®d— %4 The reactiony®d — 7% offers the possibility to test a pre-
diction arising from a combination dfIN contributions and the single-neutron
amplitude. The differential cross section for a photon of momerkwmnd longi-
tudinal polarizatiore| to produce a pion of momentuqis, at threshold,

3k\ /do
=)= = |Eq4/? Lygl? .
[<8Q) <d9>L=o (Bal+elbal® >8

where the electric dipole amplitudg;(k?) characterizes the transverse response
andL 4(k?) the longitudinal response.

Eq4(0) was studied up to = vmin + 3 with the A integrated out (130). Contri-
butions are classified according to whether the external light particles interact with
one or with both nucleons. The one-nucleon part of the kernel is given by standard
A = 1 xPT, with due account d? waves and Fermi motion inside the deuteron.
The neutrality of the outgoingtwave pion ensures that the leading: —2 = vpin
terms vanish. The firdiIN part of the kernel appears at= vmin + 2; it comes
from a virtual charged pion photoproduced on one nucleon that rescatters on the
other nucleon with charge exchange. These contributions are actually numerically
larger than indicated by power counting because of the relatively large deuteron
size. SmalleNNterms appear at = v, + 3 from corrections in either nucleon.
Results forEq(0) up tov = vmin + 3 (130) are shown in Table 2. They correspond
to the Argonne V18 potential (90) and a cutaff = 1000 MeV. Other realistic
potentials and cutoffs from 650 to 1500 MeV give the same result within 5%.
The chiral potentials of Section 3.2.3 are more cumbersome to use, but they yield
results similar to those of other potentials. Two-nucleon contributions seem to
be converging, although more convincing evidence would come from next order,
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TABLE 2 Values forEq(0) in units of 10/m_+ from one-nucleon
contributions N) up tov = vmin + 3, two-nucleon kernelNN) at
V = VUmin + 2 and abv = vy + 3, and their sumN + NN)

N NN N + NN

V< Vnin +3 vV =Vpin + 2 V="Vnin +3 v < Vpin + 3

0.36 —-1.90 —0.25 —-1.79

where loops appear. A model-dependent estimate (131) of semgni, +4 terms
suggests a 10% or larger error from neglected higher orders in the kernel |tself The
single-scattering contribution depends on the am litude/for—> 7%n, E ),

in such a way thaEd(0)~ —1.79—-0.38(213 — E n)) in units of 103/m,,+

Thus, sensitivity tcE ) survives the larg&IN contnbutlon atv = vmin + 2.

We see that worklng within the EFT yields a testable predictief(0) =
—(1.8+0.2)-10°3/m,+ (130). It is remarkable that, for this process, EFT results
differ significantly from tree-level models of the type traditionally used in nuclear
physics. For example, the models in Reference (132) predict the threshold cross
sectionto be abouttwice as large as predicted by EFT. Most of the difference comes
from one-nucleon IOOP diagrams; tree-level models tend to differ fy&h mostly
by having a smalleE; 7 ) which increase$Ey|. A test of this prediction—an
important check of our understanding of the role of QCD at low energies—was
carried out at Saskatoon (133). Figure 17 shows the experimental results for the
pion photoproduction cross section near threshold, along with the EFT prediction
at threshold (130). Estimated inelastic contributions (133, 134) are smaller than
10% throughout the range of energies shown. At threshold, Reference (133) finds
Eq(0) = —(1.4540.09)- 10-3/m,-. Although agreement with the EFT to order
v = vmin + 3 iS not better than a reasonable estimate of higher-order terms, it is
clearly superior to tree-level models. This is compelling evidence of chiral loops.

A further test of the EFT comes from the coherent neutral-pion electroproduc-
tion on the deuterori=4(k?) and L 4(k?) were predicted to = vmin + 2 (with no
new free parameters) (135), for momentum transfer in the range 0-0.%. GeV
Because‘E(()+ P is not well- -reproduced at this order, only tkédependence can
be tested. This reaction was measured?at= —0.1 Ge\? in Mainz (136), and
values for|E4(—0.1)| and|L4(—0.1)| were extracted. If they are compared with
the results from Reference (135) simply shifted bi¢dndependent amount in
order to reproduce thEq(0) of thev = vy + 3 calculation, then there is good
agreement fofEq(—0.1)|, but|L4(—0.1)| fails by a factor of two (136). Because
the calculated. 4(k?) is not dominated by a single mechanism to the exigitk?)
is, itis possible that it suffers from stronger corrections in next order. An extension
of these calculations to higher order and beyond threshold is highly desirable.

3.4.3. NN - NNz The reactioNN — NNz has attracted great interest because
standard phenomenological mechanisms fail to reproduce the small cross section
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Figure 17 Reduced cross sectiark = (k/q)o for neutral-pion photoproduction

as a function of the photon energy. Threshold is marked by a dotted line. The star
at threshold is the EFT prediction (130), and squares are data points (133). (Figure
courtesy of U.-G. Meil3ner.)

observed near threshold. This reaction involves larger momerﬂz(gfm_m),

so the relevant expansion parameter here is not so sme,lyn(l,\,)z ThIS pro-

cess is therefore not a good testing ground for EFT ideas. rB,wtrtN)z is still

<1, so at least in some formal sense we can perform a low-energy expansion.
In References (137) and (138), the chiral expansion was adapted to this reaction
and the first few contributions were estimated. [Note that—contrary to what is
stated in Reference (139)—momentg/m, my do not necessarily imply a break-
down of the nonrelativistic expansion, sing&y/mg, ~ (m, /my)(p?/my) is still
small.]

Initial attention concentrated gop — ppr? at threshold. The lowest-order
terms all vanish, and the formally leading nonvanishing terms—an impulse term
and a similar diagram from th& isobar—are anomalously small and partly cancel.
Accordingly, the bulk of the cross section must arise from contributions that are
relatively unimportant in other processes: isoscalar pion rescattering, TPE, and
high-order short-range (NN)? terms. Whereas the first two contributions are
calculable, the third involves LECs that can only be fitted or modeled. These LECs
can be thought of as originating from heavier-meson exchange: pair diagrams with
o andw exchange, and apw coupling, among other, smaller terms (140). Van
Kolck et al. (140) showed that a large uncertainty comes from the short-range
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features of the wave function, so a more systematic study awaits the development
of chiral potentials that are accurate at the relevant energies. Other EFT studies
of this channel, including attempts to compute TPE, can be found in Reference
(141).

More problematic is the situation with the threshold cross section of the less-
suppressed channédN — dx and — pne. In those channels, the Weinberg-
Tomozawar 7 NN term, fixed by chiral symmetry, dominates. Wave-function de-
pendence is much smaller, yet a calculation that includes leading and some sub-
leading contributions underpredicts the data by a facter2§142). A calculation
that includes TPE is badly needed.

Despite these problems, much can be learned from this reaction in the thresh-
old region. One example is charge-symmetry breaking. The nucleon mass split-
ting comes from both the quark-mass-difference and electromagnetic effects,
Amy = Smy + My, with §my = O(em2 /Mqcp) andsmy = O(eMqcp/). De-
termining the two LEC8my andsmy separately is interesting for several reasons:
Coupled to a lattice evaluation &fny, it can be used to extract quark masses; it can
test quark models that evaluatey; and it can constrain a possible time variation
of « becauséHe nucleosynthesis is sensitive aamy. These LECs contribute in
combinations other thastmy to processes involving pions because the two opera-
tors that generate the nucleon mass difference have different chiral partners, which
involve an even number of pions. Unfortunately, these LECs are hard to measure
directly insr N scattering. The forward-backward asymmetrpjn— drz°, on the
other hand, is sensitive to the charge-symmetry breaking from these operators, and
it has been calculated (143). Because the asymmetry is related to a ratio of ampli-
tudes, some of the uncertainties in the strong-interaction physics are reduced. The
asymmetry is being measured at TRIUMF (144), at a level that could allow for an
observation of the quark-mass-difference effect. A related experinens, a°,
which can address the same issues but with different theoretical uncertainties, has
been proposed at the Indiana University Cyclotron Facility (IUCF) (145).

Itis possible that some of the problems encountered at threshold stem from the
smallness of piors waves, which show poor convergence alsdin= 1 y PT—
for example, in neutral pion photoproduction on the proton. Indpegave pion
production seems better behaved. Reference (138) calculates the first two orders
of the cross section for thep — ppr° reaction with initial nucleons in the spin
S = 1 state in the direction of the incoming center-of-mass momentum, as a
function of the outgoing pion momentum in the range 0.51;1 With no free
parameters, good convergence and reasonable agreement with data are found. It
was also pointed out that other observables would, at that order, be sensitive to
a combination ofr (NN)? LECs that affects the leading\3force, discussed in
Section 3.3. In particular, the amplitude for th& — (3S, — 3D)p transition,
which vanishes in LO, is very sensitive to this LEC. This amplitude, extracted
from thepp — pnz* data for pion momenta in the range 0.2—M5 can be fitted
quite well with a natural-sized LEC (138). This value for the LEC can be used in
the N potential to improve the predictive power of the chiral potential.



EFFECTIVE FIELD THEORY 389

All calculations of pion-production observables have involved approximations
necessary to match the kernel and wave functions. A critical discussion of these
approximations can be found in Reference (146). Issues such as the size of the
contribution of ther NN cut, not well accounted for in the common approximations,
need to be better understood. Pion production is wide open for further development.

3.5. Connection with Lattice QCD

How can we deduce nuclear physics from QCD? As we have seen, light nuclei
are large objects of sizel/Myn > 1/Mqcp or larger. Dynamics at this scale
can be understood within the EFT, and all nuclear information is encoded in the
parameters of the EFT Lagrangian. These parameters, in turn, are fixed by the
physics of smaller distances. If the EFT can somehow be matched onto QCD at
some scale not far beloMqcp, the EFT can be used to predict all of traditional
nuclear physics. The EFT allows us to bridge the gap from the QCD Lagrangian
to nuclear physics in two stages, according to the two energy scales.

At present, the best hope for a solution of QCD in the regime of large coupling
constant relevant for nuclear physics is an explicit numerical solution on the lattice.
However, the large size of nuclei makes their direct simulation practically and
intellectually unsound. A more reasonable goal is to match lattice QCD with the
EFT, which requires lattices not much larger thaMbcp. We are still far from
this goal, but a few steps have already been taken.

One obstacle arises from the difficulty in simulating small pion masses. For
example, Reference (147) computestgand®S; scattering lengths in quenched
QCD withm, >500 MeV.

The pion-mass dependence of nuclear forces comes in explicitly from pion
propagators in pion exchange, and implicitly from short-range interactions. For
illustration, Figure 18 exhibits the deuteron binding energy and €necattering

4 (fm) 351
By 5 10 a
(MeV)
2 0 e o o
1 -10
50 100 150 200 200 400 600
m, (MeV) My (MeV)

Figure 18 The deuteron binding energleft pane) and the®S; scattering lengthright

pane) as functions of the pion mass that explicitly appears in the OPE potential. Implicit
pion-mass dependence was not calculated: Other parameters were set to their physical values
for all m,. The dots are quenched lattice QCD data. (From Reference (83) with permission
from Elsevier Science.)
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length that stem from the leading explioit, dependence in the expansion around
the chiral limit (83). A higher-order two-derivative contact interaction was also
included and fitted to the triplet effective range. For the physical value of the
pion mass, one gets the deuteron binding energy to reasonable ac&yaey,
2.211 MeV (essentially independent of the cut®f. In the chiral limit, the
deuteron is bound bBY ~ 4.2 MeV. This value is still somewhat small com-
pared with f2/2my~ 10 MeV, which one might expect to arise in QCD, and
therefore one would conclude that the deuteron is still weakly bound in the chiral
limit! This calculation of the expliciin, dependence agrees with that obtained with
the AV18 potential (R. Wiringa, private communication) witlp = 0, namely
B8 ~ 4.1 MeV. Figure 18 also shows the lattice data for the triplet scattering
length from Reference (147).

Phenomenological models typically can only vamy in OPE, but all aspects
of m, dependence can in principle be determined in the pionful EFT. Since the
pion mass can be varied up fgcp, the EFT can be used to extrapolate lattice
results to realistic values ofi,. It was pointed out (83) that the leading (implicit
as well as explicitm, dependence of nuclear forces can be calculated once the
chiral-symmetry-breaking LE(C(qu) is known. That is because the leadimy
dependence ify,, g, andmy is known from x PT. Unfortunately, determination
of C(zqm) requires calculation of processes that involve external pions—edy.,
scattering (see Section 3.4.1)—at high orders and, consequently, demands precise
low-energy data. Alternatively, one can imagine fittiﬁé‘m) to the lattice data
themselves.

Note that in Figure 18, we illegally compared the EFT with quenched QCD.
Most simulations cannot yet be done in QCD itself, but only in quenched or,
more generally, partially quenched QCD, where different masses are assigned to
valence and sea quarks. Partially quenched QCD has a different symmetry pattern
than QCD, a different low-energy dynamics, and thus a different dependence on
the pion mass. A proper extrapolation of partially quenched QCD data to smaller
pion masses requires a partially quenched EFT. Implications of partially quenched
EFT for theNN interaction are discussed in Reference (148).

4. OUTLOOK

4.1. More-Nucleon Systems

The EFT paradigm has been extensively applied to systemsAvith 2—4, for
momenta below and above the pion mass. Work remains to be done even for those
systems, of course. For example, the chiral expansion of the pionful EFT still needs
to be better understood fék = 2, 3; and A = 4 must be studied in the pionless
EFT in order to uncover the role of a¥force that could appear in LO.

As these issues get settled, a natural next step for the EFT program is to increase
A. There have, in fact, been attempts to extend the paradigm to heavier nuclei. For
example, EFT methods are being used to perfect the nuclear shell model (149).
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The goal is to take some modern potential model and simplify the bound-state
problem for large nuclei so as to make a numerical solution of theoBoigér
equation feasible. This simplification comes about by reducing the dimensionality
of the original Hilbert space of the shell model, the effect of the highly excited
states being included into local operators that act on a reduced Hilbert space. The
reduced problem obtained by “integrating out” the high-energy modes can then be
solved by standard numerical methods.

Another approach is to develop an EFT to handle other nuclei that are, like
the deuteron, particularly lightly bound (150)—such as halo nuclei, in which the
separation energy of one or more nucleons is much smaller than the energies
associated with a core of the remaining nucleons.

The many EFT-inspired studies of nuclear mati&r{ oo, « = 0) and very
heavy nuclei have all sought to identify the relevant degrees of freedom and an
expansion parameter that can describe physics for densities near saturation (see
e.g. Reference 151). Whether these approaches prove to be bona fide EFTs (in
the sense used in this review) or not, the formidable problem remains of deriving
the saturation of nuclear matter from an EFT adjusted to describe few-nucleon
physics. The complexity of the necessary resummations of LO operators increases
rapidly with A, becoming high already &k = 5. Lacking the identification of a
further expansion parameter, we might, as in QCD itself, have to resort to lattice
simulations. Miller et al. (152) have taken a step in this direction, solving a toy
model with no- and two-derivative contact two-body interactions (at zero and at
finite temperature) on a spatial lattice using Monte Carlo techniques, and fitting
the interaction parameters to saturation properties. The next step involves using
EFT interactions determined from few-nucleon systems.

4.2. Conclusion

For the past couple of years, the pionless EFT has been developed and applied to
2N and N systems. Although for thdN system in isolation it amounts to nothing
more than effective range theory, the full power of the field-theory arsenal comes to
fruition when more nucleons and/or external probes are considered. We have seen
that the extension to theNBsystem is full of surprises, such as the appearance of
limit-cycle behavior and of a relevant three-body force. These surprises have been
turned into successes, and relatively simple calculations yield results of quality
not inferior to polished potential models. Although limited in energy, this EFT can
achieve high precision for reactions of interest to astrophysics, sugh-asdy .

The older EFT including the pion field is less well understood. There are hints
that the expansion should be made around the chiral limit, but higher orders must
be studied. Among the higher-order terms, one LE?’,"), is the main uncertainty
in the extrapolation to the chiral and heavy-pion limits. External probes might be
able to determine this LEC. Anyhow, considerable progress has been achieved in
the development of the EFNIN potential. Isospin-violating effects are a unique
virtue of the pionful EFT because they are so tightly linked to the pattern of
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QCD symmetries. Issues remain regarding the size of short-radder8es, but

novel longer-range 18 forces naturally appear and can play an important role in

nuclear dynamics. Reference (153) assesses this progress from the perspective of

the historical development of nuclear potentials.
Yet, most nuclei still await us.
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